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Constants and Quantities used
throughout
Constants/Quantities Values
Speed of light: c = 2.99792458 × 108 m s−1
Gravitational constant: G = 6.67 × 10−11 m3 kg−1 s−2
Solar Mass: M⊙ = 2 × 1030 kg
Jansky: Jy= 10−26 Watts m−2 Hz−1
parsec: pc= 3.08568025 × 1016 m
Hubble constant: H0 = 70 km s−1 Mpc−1
Energy density parameter of Matter: Ωm = 0.3
Energy density parameter of Dark energy: ΩΛ = 0.7
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Overview
Two wide separation gravitational lens systems are investigated in this thesis. The wide
separation refers to the angular separation of the gravitationally lensed images of a distant
source. Since the mass of an intervening lensing object (a single or group of galaxies)
which deflects light rays from the source is proportional to the square of the image sep-
aration, the wide image separation suggests that the lensing object is massive in both
systems (See Chapter 1). The main aim of this thesis is to study these massive lensing
objects in order to deduce the properties of the dark matter halos and possibly the back-
ground source. Beginning with a general introduction to the current understanding of
cosmological structure formation and the distribution of mass in Chapter 1, an emphasis
on Gravitational Lensing and its growing applications is given. Furthermore, a review of
some important recent results from the fields is given which drives the motivation for the
research presented in this thesis. Subsequent to that, a theoretical background of gravita-
tional lensing, adequate for the main research carried out here, is formulated.
To continue further with the tools in lensing, in Chapter 2 attention is given to the
parameterised mass modeling aspect of lensing in order to familiarize the reader with
these concepts and techniques, which are used in the latter half of this thesis for both of
the lens systems. An analytical framework of some of the standard models used for mass
modeling is laid down. The main degeneracies in lensing that have to be confronted with,
are also discussed.
The data that provide constraints to the mass models were obtained from radio inter-
ferometric observations of each lens system. In Chapter 3, the technique of Very Long
Baseline Interferometry (VLBI) is described. Since the observations are performed in the
phase referencing mode for both of the lens systems, the emphasis is on this aspect of the
interferometric observations. Similarly, some issues like smearing of features in the radio
images specific to these lens systems, are discussed.
In Chapter 4, new observations and mass models for the gravitational lens system MG
2016+112 are presented. This system has four lensed images in the radio with a maximum
image separation of ∼ 3.6 arcsec. An account of previous work including the results of up-
to-date multi-frequency observations and several mass models is sketched. This system
has the highest redshift lensing galaxy (z = 1.01) and a high redshift background quasar
(z = 3.27). The lensing galaxy of MG 2016+112 is found to have luminous substructure
in the form of a satellite galaxy. As a consequence of the satellite galaxy being in the
proximity of the lensing galaxy, the astrometry of the lensed images of MG 2016+112 is
found to be distorted.
Observations of satellite galaxies in the local Universe are found to be discordant with
the Cold Dark Matter (CDM) predictions (e.g., Kauffmann et al. 1993). An estimate of
the substructure mass fraction of the total mass of the main halo can be used to test predic-
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tions of CDM cosmology (e.g., Dalal & Kochanek 2002). More importantly, unlike any
other lens system, the satellite galaxy in MG 2016+112 is spectroscopically confirmed to
be at the same redshift as the main lensing galaxy. Furthermore, the mass model gives an
accurate mass estimate for the early-type lensing galaxy. This, combined with dynamical
studies for several lensing galaxies can be studied statistically to learn about galaxy for-
mation and evolution (e.g., Koopmans et al. 2006b). Moreover, the high magnification
(a factor of &100) of a pair of merging lensed images in MG 2016+112 allows a study of
the properties of a high redshift quasar with unprecedented resolution and sensitivity.
The new radio observations carried out at three frequencies and different epochs using
VLBI are presented. These observations have detected new lensed radio components.
With the help of new and better observational constraints, the previous best working mass
model by Koopmans et al. (2002b) and a number of new models, are tested. The new
observational data are inconsistent with the model predictions of Koopmans et al. (2002b)
and their model needs to be modified. The spectral analysis from the new observations is
presented and the (non-) detection of substructure near the non-merging lensed images is
discussed.
In Chapter 5, the focus is on CLASS B2108+213, the largest image separation lens
system (∼ 4.6 arcsec) discovered in the Cosmic Lens All Sky Survey (Browne et al. 2003).
B2108+213 is doubly imaged by a massive early-type lensing galaxy (z = 0.365), which
is found to belong to a group of galaxies. The mass distributions at galaxy-group scales
are not well-studied as compared to those at galaxy or cluster scales, since lens systems
with intermediate image separations, such as B2108+213, are few in number (Oguri et
al. 2005; Oguri 2006). Furthermore, the nature of a third component in the radio situated
close to the optical position of lensing galaxy is ambiguous which could either be an odd
lensed image which are extremely rare to find due to the low magnification (Narasimha et
al. 1986) or an Active Galactic Nucleus (AGN) of the lensing galaxy.
The previous observational and mass modeling results for B2108+213 are summa-
rized in the beginning of Chapter 5. New VLBI radio observations at 1.7 and 5 GHz are
made at different epochs and new MERLIN 5 GHz observations are presented. Subse-
quently, the fine structure found in the lensed images are used to test various parame-
terised mass models and to constrain the slope of the density profile of the dark matter
halo. Furthermore, a spectral analysis of the radio components and the results of new
mass models are discussed, which confirm the status of the third radio component as the
AGN of the lensing galaxy in B2108+213. The background quasar in B2108+213 is a BL
Lac type quasar with a featureless spectrum and the determination of its redshift has been
elusive. Using the results of the new mass models presented here and from the new ob-
servations presented in McKean et al. (in prep), the redshift of the quasar was estimated.
The conclusions from the new findings and mass modeling analysis are presented.
Lastly, the research presented here is summarized and a short description of the possi-
ble future work is given in Chapter 6. The relevant concepts and methods required in this
thesis, are expounded in the Appendix.
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1.1 Background on Cosmology
A standard cosmological model has emerged over the last few decades based on the the-
oretical framework provided by the general theory of relativity. The Universe started in
a very hot dense phase and cooled off as it expanded. Small inhomogeneities were set
in the dense soup by the fluctuations of a quantum field. As time proceeded, these small
fluctuations were amplified by gravitational instabilities and led to the formation of large
scale structures in the Universe.
The above qualitative picture was given its present shape and a quantitative basis by
a variety of observations. Hubble’s discovery of the expansion of the Universe convinced
cosmologists to abandon the idea of a static Universe. The expanding Universe naturally
leads to the idea of a hot and dense initial phase. In addition, it predicts the existence
of a relic background of photons that should be observable today. The observations of
this relic background (e.g., Smoot et al. 1992) called the Cosmic Microwave Background
(CMB), at the expected temperature (∼ 3 K), gave a great deal of confidence in the belief
of an expanding Universe.
A flat geometry of the Universe is possible only if the energy density of the Universe
is equal to a critical value (see Appendix A). The energy density inferred from the light in
stars alone was not enough to equal the critical density. The first observational evidence
of this came from the study of cluster dynamics (Zwicky 1937). The observations of
rotation curves of galaxies (e.g., Rubin et al. 1985) also indicated the presence of non-
baryonic matter which was termed dark matter. But even after including the dark matter
component, the energy density of the Universe was found not to be enough to match the
critical density (Bahcall et al. 2000). Large redshift surveys like the Sloan Digital Sky
Survey (SDSS) and the Two Degree Field Galaxy Redshift Survey (2dFGRS) enabled the
statistical study of large scale structure (e.g., Norberg et al. 2002; Blanton et al. 2003).
The galaxy clustering is particularly sensitive to the matter content in the Universe.
Large scale structure studies have consistently shown that the matter density is less
than the critical density of the Universe. The missing part of the puzzle was provided by
observations of distant supernovae (Perlmutter et al. 1999). These observations indicated
that the Universe is undergoing an accelerated expansion at present times. This acceler-
ated expansion can be explained by an energy density component which acts like a fluid
with negative pressure. It is called dark energy1 and compensates for the missing budget
of energy density required for a flat Universe.
1In the theory of general relativity, the dark energy component is included in the form a constant called
cosmological constant (Λ).
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A flat Universe is not just a theorists dream but has observational support. The power
spectrum of the inhomogeneities in the CMB provide constraints on the geometry of the
Universe. The Wilkinson Microwave Anisotropy Probe (WMAP) experiment has stud-
ied the inhomogeneities in great detail and the results indicate that the geometry of the
Universe to be flat (Spergel et al. 2003). The combined constraints established by pre-
cision observations of the CMB, large scale structure and distant supernovae have all
contributed to the current concordance model called Lambda Cold Dark Matter (ΛCDM)
(e.g., Dunkley et al. 2008). According to the ΛCDM model the current energy density
of the Universe is dominated by dark energy (74%) and the remainder is dominated by
matter. However, out of the total matter content, baryonic matter constitutes a small frac-
tion of 4% whereas most of the matter is dark (22%). Although the ΛCDM model has
enjoyed a tremendous success with observations, the main ingredients of this model, dark
matter and dark energy, are as their names suggest, dark. They have been only inferred
from astronomical observations and indirect evidences. The present studies in cosmology
have revolved around trying to understand the nature of these two components.
1.1.1 Structure Formation
The small density perturbations present in the Universe at very early times can be seen
as the inhomogeneities in the CMB. The evolution of these density perturbations can be
studied using linear perturbation theory until the perturbation grows and the evolution
becomes nonlinear. The growth of these perturbations depends upon the total matter
density in the Universe and the nature of dark matter.
Structure formation in the universe can be studied by considering the abundance and
the internal structure of dark matter haloes. A halo is a region where dark matter has
collapsed and become gravitationally bound. The abundance of halos is quantified in
terms of the halo mass function. The halo mass function is the number density of halos in
a unit comoving volume2 with masses in the range m and m + dm. The internal structure
of each halo (i.e. the halo profile) is described as below.
Halo profile
Numerical simulations show that the dark matter density in halos of all masses follows a
universal profile (see Fig. 1.1) which can be described by
ρ(r) ∝
(
r
rs
)−1 (
1 +
r
rs
)−2
(1.1)
where the scale radius (rs) is a function of the halo mass (Navarro, Frenk & White 1996,
1997). The inner part of the density distribution goes as r−1 and hence is cuspy. In the out-
ermost part it falls of as r−3 and resembles an isothermal (r−2) profile in the intermediate
range. This profile is referred to as the Navarro-Frenk-White (NFW) profile. Although
the profile of the halos is found to be cuspy in the inner regions from the ΛCDM simu-
lations (e.g., Diemand et al. 2005), observations of the rotation curves in disk galaxies
(e.g., Salucci & Burkert 2000) suggest a constant-density core in the inner regions.
2A volume defined in terms of the comoving co-ordinates (see Appendix A).
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Figure 1.1: The density distribution of halos with masses ranging up to four orders of
magnitude. The simulated density distributions of halos of different masses are found to
fit well to a single profile given by NFW (Navarro, Frenk & White 1996).
Furthermore, halos are found to have not only ellipsoidal but triaxial mass distribu-
tions (e.g., Jing & Suto 2002). However, numerical simulations suggest that the baryons
in the central regions of the halos (i.e. the stellar and gas components) lead to an isotropic
and isothermal mass distribution thereby, making the halos nearly spherical in the centre
(e.g., Kazantzidis et al. 2004).
Abundance of sub-halos
Numerical simulations of Milky Way-sized halos based on a ΛCDM cosmology suggest
an abundant sub-halo population (see the right panel of Fig. 1.2), whereas the observed
population of satellite galaxies in the Local Group is less by an order of magnitude (e.g.,
Moore et al. 1999). The left panel in the Fig. 1.2 is a cumulative plot of the satellite pop-
ulation for the Milky Way and the sub-halo population for a dark-matter-only simulation
of a galaxy and a cluster scale halo. Although the level of substructure predicted in clus-
ters is close to the observations, for galaxies there is a clear under-abundance observed.
This discrepancy is referred to as the missing satellite problem. One of the proposed so-
lutions to this problem is to prevent star-formation in the sub-halos of galaxies thereby
making them dark (e.g., Klypin et al. 1999). On the other hand, recently, with the help
of the SDSS star catalogue several new satellites have been discovered (e.g., Belokurov
et al. 2007; Martin et al. 2007; Simon & Geha 2007). This has mitigated the discrepancy
of substantially low observed population of the satellites. Furthermore efforts have been
made to more accurately characterize the luminosity function of the Milky Way satellites
by taking into account the selection effects(Koposov et al. 2007). The galaxy formation
processes are suspected to prevent galaxy formation in the less massive sub-halos and is
13
1 Introduction
under investigation (Koposov et al. in prep.).
Figure 1.2: Left: Abundance of the sub-halo population as a function of their circular
velocities normalized to the circular velocities of the host halo. The dotted line and the
open circles are the observations of the Milky Way galaxy and Virgo cluster which are
compared with the simulations of a typical galaxy and cluster, respectively (Moore et al.
1999). Right: A simulated population of dark matter sub-halos around a Milky Way-like
galaxy (Diemand et al. 2007) most of which cannot be detected even for the most nearby
galaxy−Milky Way.
1.2 Theory of Gravitational Lensing
Gravitational lensing is a phenomenon in which the light rays emanating from a distant
background source are deflected, due to a gravitational potential along the line-of-sight,
before reaching the observer. If the background source has a large projected separation
from the line-of-sight to the lens potential, then the effect of the lens potential is weak and
a single distorted image is formed. This regime is called weak lensing and in principle,
it is observed for photons coming from sources in all directions. On the other hand, if
the potential is strong and the projected position of the background source3 is close to the
centre of the lens potential, multiple images of the background source are formed. This
regime is called strong lensing. Since gravitational lensing is sensitive to both luminous
and dark matter, it is an excellent tool to study the properties of dark matter halos.
In this section, the theoretical framework of gravitational lensing is laid down to fa-
miliarize the reader with various definitions and terms that will be used throughout this
thesis (for details, see e.g., Schneider et al. 1992; Narayan & Bartelmann 1996).
1.2.1 Deflection Angle and Lens Equation
Similar to the light rays being bent as they pass through a prism, light rays are bent in the
presence of a gravitational field. The angle through which the rays emitted from a distant
3Note that the undeflected position of the background source is never known since it can not be observed.
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source are deflected due to the presence of intervening mass in the line-of-sight is called
the deflection angle and it can be written as
αˆ = −
∫
¯∇⊥n dl =
2
c2
∫
¯∇⊥Φ dl , (1.2)
where n is effectively the refractive index of the intervening mass. It is related to the
gravitational potential by n = 1 − 2|Φ|/c2 (Schneider et al. 1992) and is based on the
assumption that the Newtonian potential is small (i.e. Φ ≪ c2) and also, the peculiar
velocity of the mass is small (i.e. v ≪ c).
ξ
MS O
r3
αˆ
Figure 1.3: Light rays emitted from a source S deflected by a point mass M and observed
by an observer O. The deflection takes place through an angle αˆ.
For a point mass, the Newtonian potential is given by Φ = −GM/
√
ξ2 + r23 where ξ is
the physical separation perpendicular to the undeflected light ray and r3 is a component
of the physical separation of the order of ξ in the line-of-sight (see Fig. 1.3). ξ marks the
point of closest approach and is called the impact parameter. Substituting the potential of
a point mass in Eq. 1.2 gives
αˆ =
4GM
c2ξ
. (1.3)
This can be conveniently expressed in units of the Schwarzschild radius (Rs = 2GM/c2)
of a point mass as αˆ = 2Rs/ξ.
To calculate the deflection angle of rays emitted by distant galaxies or quasars due to
the intervening mass distributions of galaxies and/or clusters which are extended in reality,
there are some assumptions involved. The deflection is assumed to occur due to the mass
lying in a thin plane called the lens plane. The distances of the background source and
the deflector (also referred to as lens) from the observer are very large compared to the
spatial extent of the lens plane. Therefore, this thin lens approximation is reasonable.
Thus, the deflection angle can be quantified by integrating the line-of-sight density for
each mass element and summing the deflections due to the mass elements at every ξ in
the plane of the sky.
αˆ(ξ) =
∫
4GΣ(ξ′)
c2
ξ − ξ′
| ξ − ξ′|2 d
2ξ′. (1.4)
where
Σ(ξ′) =
∫
ρ(ξ′, r3) dr3
is the surface mass density at ξ′.
15
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Dd
Dds
sD
o
s
L
S
v
i
η
ξ
j d
o
Figure 1.4: The ray-trace diagram showing the background source (in the source plane
S) is deflected by a galaxy d (in the lens plane L) such that multiple images i and j are
formed and seen by the observer at o.
Lens equation
Consider an observer at o, the lens d (e.g., a galaxy) in the lens plane L and a source s
(e.g., a quasar) in the source plane S as shown in Fig. 1.4. Let odo′ be the optical axis
connecting the three planes. Let ∠o′os = β, ∠sov = α, ∠o′ov = θ and ∠siv = αˆ then it can
be seen that
β = θ − α(θ). (1.5)
This ray-trace equation is called the Lens equation where
β = η/Ds ; θ = ξ/Dd, (1.6)
and the scaled deflection angle α is simply related to the deflection angle (αˆ) by
α =
Dds
Ds
αˆ. (1.7)
Here, Ds, Dd, and Dds are the angular diameter distances (see Appendix A) between the
observer and the source, the observer and the deflector, and the deflector and the source,
respectively. Substituting Eq. 1.6 and 1.7 in Eq. 1.5 gives
η =
Ds
Dd
ξ − Ddsαˆ(ξ) , (1.8)
where η is the projected source position. Now, let Σcrit be a critical surface mass density
defined such that
Σcrit =
c2
4πG
Ds
DdDds
. (1.9)
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The scaled surface mass density is called the convergence and is therefore given by,
κ =
Σ
Σcrit
. (1.10)
Substituting Eq. 1.4 and 1.7 in the lens equation given by Eq. 1.8 and equating it to Eq. 1.5
gives the scaled deflection angle as
α(θ) = 1
π
∫
κ(θ′) θ − θ
′
|θ − θ′|2 d
2θ′ . (1.11)
Deflection and Fermat potential
The deflection angle in Eq. 1.11 can be written as a gradient of a functionψ using∇ ln |θ| =
θ/|θ2|. Hence,
α = ∇ψ . (1.12)
Comparing Eq. 1.12 with Eq. 1.11 gives
ψ(θ) = 1
π
∫
κ(θ′) ln |θ − θ′| d2 θ′. (1.13)
The Laplacian of Eq. 1.13 gives ∇2 ψ = 2 κ, which is a Poisson equation. Therefore, ψ is
called the deflection potential.
The lens equation Eq. 1.5 can be expressed using Eq. 1.12 as
β = ∇
(
1
2
θ2 − ψ(θ)
)
, (1.14)
which can be rearranged to give
∇
(
1
2
(θ − β)2 − ψ(θ)
)
= 0 . (1.15)
The above equation can be written as ∇ φ(θ, β) = 0 where φ is a scalar function,
φ (θ, β) =
(
1
2
(θ − β)2 − ψ(θ)
)
. (1.16)
The potential φ is associated with the travel-time of light rays and is known as the Fer-
mat potential (e.g., Schneider 1985; Blandford & Narayan 1986). The stationary points of
the Fermat potential are satisfied by the solutions of the lens equation which is in accord
with Fermat’s principle (also, see section 1.2.3).
Einstein radius
The deflection angle for a circularly symmetric mass distribution, using Eq. 1.3, is
αˆ =
4GM(ξ)
c2ξ
(1.17)
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where M(ξ) corresponds to the mass within the radius ξ. Therefore, the lens equation for
such a distribution is given by
β = θ − 4GM(θ)
c2θ
Dds
DdDs
. (1.18)
Consider the case when the source lies on the optical axis joining the observer and the
lens. Then substituting β = 0 in Eq. 1.18 gives
θE =
(
4GM(θE)
c2
Dds
DdDs
)1/2
. (1.19)
Therefore, owing to the symmetric mass distribution and aligned positions, the source is
lensed as a ring with an angular radius θE which is termed the Einstein radius and the ring
is called the Einstein ring. Generally, the image separation is approximately twice the
Einstein radius. A sufficient condition to form multiple images is κ ≥ 1 which is satisfied
if the source position β is within the Einstein ring.
Figure 1.5: Hubble Space Telescope (HST) optical image of gravitational lens system
B1938+666 with an Einstein ring and the lensing galaxy in the centre. An arc joining
three images and a fourth image situated diametrically opposite is shown with the overlaid
contours using Multi-Element radio linked Interferometry (MERLIN) in the radio (King
et al. 1998).
Since the Einstein radius is an observable which is simply related to the mass enclosed
within the Einstein ring, such rings provide excellent constraints to accurately measure
the enclosed mass of galaxies or clusters. Thus, the wider the image separation, the more
massive is the lens. From over a hundred known lens systems, several lens systems are
found to have fairly complete rings or highly elongated arcs in the optical (e.g., Bolton
et al. 2006a, also, see Fig 1.5). Thus, the mass of galaxies and clusters can be estimated
independent of other studies like kinematics.
1.2.2 Magnification, Shape and Parity of Images
Let β and θ be the positions of a source and a lensed image. Let the solid angle subtended
by the source be ωo in the absence of the lens. In the presence of a lens, due to the
18
1.2 Theory of Gravitational Lensing
deflection of light rays, the solid angle of the source in the sky is modified to the solid
angle ω (which is seen as the image). This changes the flux of the image (S = I × ω) too,
since the intensity I remains constant. The magnification is the ratio of the solid angle of
the image to that of the source,
µ =
S
S o
=
δω
δωo
. (1.20)
Here, the shape of the image is determined by the Jacobian matrix M(θ) = ∂β
∂θ
. The
elements of the inverse magnification matrix M are given by using using Eq. 1.14 and
1.16,
Mi j = φi j = (δi j − ψi j) =
(
1 − κ − γs1 −γs2
−γs2 1 − κ + γs1
)
(1.21)
where the subscripts of φ and ψ imply partial derivatives of the quantities with respect
to θi and θ j. The convergence κ contributes to isotropic magnification whereas the shear
γs =
√
γ2
s1 + γ
2
s2 causes anisotropic magnification of the images. Thus, the magnification
is written as
µ =
1
| det M| =
1
(1 − κ)2 − γ2s
. (1.22)
The trace tr(M) = 2(1 − κ) and the eigen values of the magnification matrix are λ1,2 =
1−κ∓γs which give the factor of stretching of the images along the direction of the eigen
vectors.
ImagesSource
− −+ + + − − +
Figure 1.6: The source and the images with different parities. The ‘+’ and ‘−’ refer to the
signs of the eigen values of the transformation matrix that maps the source to the images.
The sign of the product of the eigen values determines the parities of the images.
The parity of an image is the handedness of a feature in the image with respect to
that in the background source (e.g., jet components). This can be understood from the
magnification matrix which is a mapping between the source and the images. If both the
eigen values of the magnification matrix have the same sign (i.e. either both ‘+’ or ‘-’),
then the parity of the image is positive (see Fig. 1.6). If the eigen values have different
signs, the parity of the image is the opposite of that of the source.
1.2.3 Time Delay of Images
The light rays emitted by the source before arriving at the position of the observer suffer
two effects. The light rays take geometrically longer paths than the undeflected light rays
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would take in the absence of a lens. Additionally, the light rays are delayed when traveling
through the gravitational potential of the lens which is also known as the Shapiro delay.
Therefore, the total time delay is a combination of these two effects and is given by
τ(θ) = (1 + zd)
c
DdDs
Dds
[
1
2
(θ − β)2 − ψ(θ)
]
, (1.23)
The time delay of an image however, cannot be known since the travel-time of the rays
in the absence of the lens cannot be measured to use as a reference. The only observable
is the relative time delay of any two images of a source which can be measured in the
event of variability in the source. For images at θi and θ j, the time delay between the two
images is,
∆τi j =
(1 + zd)
c
DdDs
Dds
[
φ (θi, β) − φ (θ j, β)
]
. (1.24)
Since the factor of the angular diameter distances is,
DdDs
Dds
∝ 1
H0
,
the time delay ∆τ ∝ H−10 (See Appendix A). Thus, provided the redshifts of the lens and
the background source, and the mass distribution are known, the time delay measurements
can constrain the value of the Hubble constant. Such an estimate of the Hubble constant is
independent of other methods which involve several uncertainties in the numerous steps,
for example, distance ladder methods which use standard-candle stars from low-redshift
to calibrate the distances to those in high-redshift galaxies. Although due to the uncer-
tainties in the mass models and relative time delay measurements, the desired accuracy in
the measurement of the Hubble constant using individual lens systems is not achieved yet
(with the exception of a few lens systems, Koopmans et al. 2003; York et al. 2005). Nev-
ertheless, a significant improvement in the statistical uncertainties is made by combining
measurements from several lens systems (e.g., Saha et al. 2006; Oguri 2007). A recent
estimate of the Hubble constant suggest a value of 71+6−8 km s−1 Mpc−1 (Coles 2008).
1.2.4 Ordinary (non-critical) Image Properties
Given a source position (β), a two-dimensional arrival-time surface is defined by the Fer-
mat potential. The images that form at the extrema and the saddle points of the arrival-
time surface (i.e. stationary points) are called ordinary images. Consider a single and
thin lens plane consisting of a lens with a smooth density distribution. Let the density
distribution (ρ) drop faster than r−3 for r → ∞ to ensure finite enclosed mass. Based on
these assumptions and for a source position other than that on a caustic (see section 1.2.5),
the odd number theorem states that the total number of ordinary images is finite and odd.
However, in case of any discontinuities or singularities in the mass distribution, this the-
orem does not hold. The magnification theorem states that provided κ ≥ 0 there is always
at least one image with positive parity and with a magnification µ ≥ 1. Three types of
images can be formed.
1. For det M > 0, tr(M) > 0, the image is formed at the minimum (L) of the arrival-
time surface (see Fig. 1.7 and 1.8). This is called the Type I image. At least one
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Figure 1.7: Types of lensed images formed at stationary points of the time-arrival surface
for a fixed source position and an elliptical lens potential (Blandford & Narayan 1986).
The panels show the effects of strengthening the lens potential, starting with no potential
(panel a), a weak potential (panel b); and panels c and d show a strong enough potential
to produce three and five images, respectively.
type I image exists irrespective of the presence of a lens from the magnification
theorem.
2. For det M < 0, the image is formed at the saddle point (S) and is called the Type II
image. It is known from the odd number theorem that when a type II image exists,
it is imperative that such a lens system has multiple images.
3. For det M > 0, tr(M) < 0, κ > 1, the image is formed at the maximum (H) and
is called the Type III image. If the type III image exists, it is located closer to the
centre of the potential and hence, rarely observed because of both obscuration and
low magnification.
In the event of variability in the source, the Type I image is the first image to vary since
the travel-time is minimum for this image, the next image to vary is the Type II image, and
the Type III image is the last to vary. This forms a qualitative constraint in lens systems
which a correct mass model must satisfy.
1.2.5 Critical Image Properties
For det A = 0, the magnification µ becomes infinite theoretically. The loci of the points
in the image plane that satisfy this condition are known as critical curves and the loci of
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caustics
1
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critical curves
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Figure 1.8: Critical curves in the lens (or image) plane and caustics in the source plane
for an elliptical mass distribution. The colors represent different source positions and
respective image positions. In the left panel, the source approaches the centre through the
fold caustic and in the right panel, it approaches through the cusp (Narayan & Bartelmann
1996).
critical points when mapped to the source plane are called caustics. In reality, however,
due to the finite sizes of galaxies highly stretched images like arcs and rings are formed
with very high but finite magnification, since the total magnification is the flux-density
weighted mean magnification over the source, that is,
µt =
∫
d2β I(β) µp(β)∫
d2β I(β) (1.25)
where I(β) is the intensity and µp is the magnification of a point source at β.
In Fig. 1.8, given an elliptical mass distribution and a source position (source plane),
the corresponding image positions (image plane) are shown. The regions marked 1, 3 or 5
indicate a total of 1, 3 or 5 number of images formed in the image plane, respectively. In
the case of an elliptical mass distribution, there are two caustics formed. The outer smooth
caustic is called the radial caustic and the inner astroid is called the tangential caustic.
Furthermore, the tangential caustic has two distinct features. A line singularity is called
a fold caustic and the point at which a fold caustic changes direction such a singularity is
called cusp caustic (e.g., Schneider et al. 1992).
Critical curves and caustics provide a useful qualitative understanding of a lens sys-
tem (e.g., Blandford & Narayan 1986). The caustics demarcate regions with different
multiplicity and as the source moves across the caustic the number of images change by
two (see Fig. 1.8). Furthermore, critical curves divide the image plane into regions of
different parities, that is, images on either sides of a critical curve correspond to opposite
parity. Fig. 1.9 shows images of real gravitational lens systems. The first two panels show
both the ordinary images (a double or a quad) and the near-critical images (an Einstein
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ring or an arc). The third panel has an unusual image configuration with multiple sources
producing double or quadruple images.
Figure 1.9: Left: Very Large Array (VLA) image of the smallest separation lens system
B0218+357. It has two images and an Einstein ring (Biggs et al. 2001). Centre: The four
images in the lens system MG 0414+054 with an arc and lensing galaxy in the centre as
found in the optical (Ros et al. 2000). Right: A complicated lens system B1933+503 with
three distinct sources lensed in an atypical configuration. One source is doubly imaged
and the other two are quadruply imaged (Marlow et al. 1999).
1.3 Gravitational Lensing as a Tool
Gravitational lensing has branched into several fields with wide-spread applications. It
can constrain cosmological parameters, for instance, the Hubble constant. An extensive
search for extra-solar planets is possible with the help of lensing, for example, the Optical
Gravitational Lensing Experiment (OGLE). Since multiple images of the same source are
seen through different lines of sights in strong lensing, the properties like the interstellar
medium of lensing galaxy (e.g., Falco et al. 1999; Winn et al. 2004; Mittal et al. 2007)
and differential Faraday rotation in the polarization of images (e.g., Patnaik et al. 1993)
can be studied.
Lensing is unbiased to the type of matter and is achromatic. Thus, it can be used
to probe mass distributions at almost all observable spatial scales, for example, stars,
galaxies, clusters and large-scale structures (Kochanek et al. 2004). With the help of a
variety of surveys like SDSS, GEMS, GOODS and AEGIS4, statistical analyses in lensing
and other fields have been possible. For instance, the statistics of arcs, implications of
image separations as a function of mass of the lensing halos and statistical significance of
an image configuration over others (e.g., Bartelmann et al. 1998; Oguri 2006) have been
carried out. Furthermore, the properties of galaxies like the formation and evolution have
been explored (e.g., Kochanek et al. 2000; Treu et al. 2006; Koopmans et al. 2006b).
In the following, two applications of lensing are described in detail which form the
subject of the research in this thesis.
4GEMS−Galaxy Evolution from Morphology and Spectral energy distribution Survey, GOODS−Great
Observatories Origins Deep Survey and AEGIS−All-wavelength Extended Groth strip International Survey
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1.3.1 Substructure
Gravitational lensing can be used as a probe to understand the problem of the missing
satellites in the form of substructure. Numerous lens systems show lensed images with
flux density ratios that are discrepant as compared to the expected flux density ratios from
the theory of gravitational lensing. Such discrepancies in the observed flux densities are
referred to as flux-ratio anomalies. Whereas the astrometric constraints of lens systems
can be generally explained by smooth mass models, the anomalous flux-ratios found in
a number of lens systems can be resolved by including substructure. The satellite mass
fraction (0.6 − 7%) inferred from the flux-ratio anomalies of a handful of lens systems
are found to be consistent with the predictions of CDM cosmology (Dalal & Kochanek
2002). However, high resolution simulations of sub-halo population have suggested a
much smaller substructure mass fraction of .0.5% within a scale of typical image sepa-
rations produced by lens galaxies (Mao et al. 2004).
The anomalies in the flux-ratios of the lens systems can also be due to propagation
effects like absorption and scattering (e.g., Mittal et al. 2007). However, any discrepan-
cies found in the observed and expected positions of the lensed images can only be due
to gravitation. This is called astrometric anomaly. Therefore, lens systems with an as-
trometric anomaly are interesting candidates, the mass modeling of which will provide
a more direct evidence of substructure. Mass clumps within the Einstein ring are shown
to produce measurable astrometric perturbations in artificial lens systems by populating
them with realistic models of substructure distribution. Furthermore, limits on the mass
of substructure clumps are placed from observed lens systems (e.g., Chen et al. 2007).
Similarly, new methods are developed to study efficiently the contribution of substruc-
ture to the lens mass distribution provided enough constraints are available (Alard 2008).
However, only a couple of lens systems are known to have signatures of an astrometric
anomaly, for example, B0128+437 (Biggs et al. 2004) and MG 0414+054 (Trotter et al.
2000). The lens system MG 2016+112 is the clearest example of the astrometric anomaly
and is dealt with in the first half of this thesis.
1.3.2 Galaxy Mass Distribution and Importance of Environment
The enclosed mass can be measured from the image separation as was shown in the
Eq. 1.19 but the radial distribution of mass within, can only be probed if the lensed images
are formed at different angular separations. Although this is possible (e.g., Cohn et al.
2001; Wucknitz 2004), not many lens systems can provide the required constraints.
Alternatively, combining the lensing analysis with the stellar dynamics in galaxies, the
matter distribution at galaxy-scales in the host halos can be constrained since both of the
methods provide mass estimates enclosed within different radii. Koopmans et al. (2006b)
first implemented the technique of lensing and dynamics combined on a sample of lens
systems selected from Sloan Lens Advanced Camera for Survey (SLACS) and Lenses
Structure and Dynamics (LSD) surveys. The elliptical lens galaxies in their sample are
found to follow an isothermal mass distribution (γ = 2.01+0.02−0.03 with confidence level of 68
per cent; see Fig. 1.10) with no significant evolution up to the investigated redshift z = 1.
The average ellipticities and the position angles of the mass distribution are found to be
consistent with those of the light distribution.
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Figure 1.10: Left: Posterior probability distribution of the slope of the density profile.
(Koopmans et al. 2006b). Right: Density profile slope as a function of spatial distribution
of early-type galaxies of the lens systems from SLACS (red dots) and LSD (blue dots)
survey.
A statistical analysis of lens galaxies versus non-lens galaxies showed that about 25
per cent of the lens galaxies lie in dense environments (Keeton et al. 2000b). Furthermore,
lens systems with large image separations are predicted to have enhanced contribution
from their environments (Oguri 2006). The consequences of not taking into account the
effects of environments in the mass models could introduce undesired biases in the model
parameters (Keeton & Zabludoff 2004). Moreover, the detection of lens systems has been
used as tracers for identifying and studying galaxy groups at moderate redshifts (e.g.,
Williams et al. 2006).
Recently, interactions of galaxies in groups are predicted to steepen the profile from
the typical isothermal profiles found for the early-type lens galaxies (Dobke et al. 2007).
Subsequently, the SLACS lens systems which are best-modeled with steeper than isother-
mal profiles are also found to have companions as compared to those modeled with shal-
lower than isothermal profiles (Auger 2008). B2108+213 is a wide separation lens system
with a companion galaxy close to the massive lensing galaxy and is confirmed to lie in a
galaxy group. In this thesis, the lens system B2108+213 is investigated with the aim of
constraining the slope of the density profile and studying the contribution of the group in
the image splitting by modeling the mass distribution.
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The intervening mass between a distant source and an observer acts as a lens and deflects
the light rays emitted by the source. If the deflection potential of the intervening mass
is strong enough, it can produce multiple images of the background source. The relative
deflections and magnifications of the multiple images are governed by the properties of the
lens. The principal aim of this chapter is to outline the method used to infer the properties
of the deflection potential by modeling multiply-imaged gravitational lens systems.
The modeling of gravitational lenses has been advanced due to the increasing preci-
sion and sensitivity of the observed data. This has been largely possible due to high reso-
lution imaging HST (e.g., Bolton et al. 2006a), in the optical/Near Infrared (NIR) and in
the radio using VLBI (e.g., Biggs 2005). Dedicated monitoring of lens systems has made
it possible to measure the flux ratios and relative time delays for an increasing number
of lens systems (e.g., Saha et al. 2006). The flux densities, time delays and positions of
lensed images constitute the primary constraints for modeling the mass distribution.
The advance in precision data has rendered simple models as inefficient to fit all the
data quantitatively. A contribution from the environment or the line-of-sight substructure
and various density profiles are some of the complications which have to be taken into
account. Over the years, specific modeling algorithms have been developed like lenstool
(Kneib et al. 1993), lensclean (Wucknitz 2004), pixelens (Saha & Williams 2004). These
algorithms use different approaches to reconstruct the mass distribution or the potential
which suit specific observational constraints. To study the mass distribution of the lens-
ing galaxy of MG 2016+112 and B2108+213, the publicly available software package,
gravlens (Keeton 2001) was used.
This chapter is divided into three sections. The algorithm used for mass modeling is
described in section 2.1. Subsequently, analytical expressions for some of the standard
mass models used in this thesis, are given in section 2.2. Some known degeneracies in
lensing are discussed in the final section 2.3.
2.1 Algorithm for Parameterized Mass Modeling
The aim of mass modeling is to find a model for the lens that will explain the positions
and flux ratios of the lensed images, as seen in the data. The true position of the source is
unknown. For a given mass model, the source position can be determined from an image
position and vice versa. In the case of strong lensing, multiple images of a single source
are seen. Each image position can be mapped back to the source position independent of
the other images. If the mass model is correct, then each of the multiple images should
correspond to the same source position within the uncertainties of the measured image
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positions. Furthermore, all of the images 1 predicted for this source position should be
observable. This forms the basis of the algorithm used to determine a mass model. The
steps adopted in the modeling algorithm are,
1. assume a simple parametric mass model
2. given this mass model and the observed image positions, use the lens equation to
find the corresponding source positions and an error-weighted mean source position
(see Eq. 2.8)
3. use this mean source position and the mass model to determine the properties of the
lensed images (i.e. the positions, magnifications, parities and the total number of
images)
4. assign a measure of goodness-of-fit (χ2) based on the predictions of the model and
the observed image properties
5. adjust the parameters of the mass model to minimize the χ2
Steps 2 and 3 mentioned above involve solving the lens equation with the assumed model
but with a subtle difference. In step 2 the source position needs to be calculated using the
image position, while step 3 involves finding all of the image positions corresponding to
a source position. These two steps are the workhorses of the algorithm and are performed
in every step of the optimization (here, the χ2 minimization) procedure. The optimiza-
tion is carried out using the downhill simplex method (Press et al. 1992) implemented in
gravlens.
2.1.1 Solving the Lens Equation
Let β be the position of the source and θ be the position of the corresponding image.
These two are related by the lens equation, β = θ − α(θ). If the parameters of the mass
model are defined, then the deflection α for every θ can be determined (see section 2.2).
Hence, given an image position it is easy to calculate the corresponding source position.
But for a particular source position, β, this non-linear equation has multiple solutions
which gives multiple image positions, θi. To find the positions of all of these images, a
numerical equation solver is needed which will find all the roots of the lens equation in a
two dimensional plane.
Any numerical root finder can work if the expected number of images and disjoint
regions that bound each of the images, are specified. The bounding regions can be found
by dividing the surface of the image plane into a grid. The vertices of every tile in the
grid can be mapped in a straightforward manner to the source plane via the lens equation
leading to a tiling of the source plane. Regions in the source plane which are covered
by more than one tile are multiply imaged. Thus, given the source position, the image
plane tiles which map to the tiles encompassing the source, can be identified. These form
the bounding regions which can be provided to a numerical root finder to solve the lens
equation and to find all of the image positions for a particular source position.
1Barring the images which are demagnified below the flux limit of observations
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Figure 2.1: The image plane of a doubly imaged lens system gridded with tiles produced
by gravlens (see text for details).
For instance, Fig. 2.1 shows the gridded image plane of a doubly imaged lens system.
The cross marks the source position and the dots mark the image positions. Each tile
shown in the image plane is mapped back to the source plane using the lens equation. The
blue and the red hatched tile of the image plane are mapped to a blue and a red hatched
tile of the source plane, respectively. As expected the source position is situated in the
overlapped region of the two tiles of the source plane. Note that the gridded source plane
is not shown except for the two tiles.
2.1.2 Optimization of the Model
Once a mass model is specified, the unknown source position is the error-weighted aver-
age of the source positions (see Eq. 2.8) obtained by mapping the multiple images back
to the source plane. This position is used to find the positions of all of the images cor-
responding to this source in the image plane. The deviations of the model predicted
quantities (positions and fluxes) from those of the observed images constitute the χ2 for a
model,
χ2pos =
∑
i
δθTi · S −1i · δθi , (2.1)
where
δθi = θobs,i − θmod,i . (2.2)
The observed and modeled positions of the images i are given by θobs,i and θmod,i. S i is the
error ellipse given by the covariance matrix,
S i = RTi
(
σ21,i 0
0 σ22,i
)
Ri , (2.3)
where σ21,i and σ22,i are the semi-major and semi-minor axes of the error ellipse with a
position angle θσ,i and
Ri =
( − sin θσ,i cos θσ,i
− cos θσ,i − sin θσ,i
)
, (2.4)
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is the rotation matrix. If the flux densities of images i are fi ± σ2f ,i, then the χ2 due to the
deviations in the flux densities of the images is calculated as
χ2f lux =
∑
i
( fi − µi fsrc)2
σ2f ,i
, (2.5)
where
fsrc =
∑
i fi µi/σ2f ,i∑
i µ
2
i /σ
2
f ,i
(2.6)
is the flux density of the source and µi = | det (M′i ) | = | det (Mi) |−1 is the model predicted
magnification of the images i relative to the source.
Other priors could be introduced in the optimization, for example, confining the po-
sition angle of the ellipticity of the host halo known from fitting the surface brightness
profile of the lens galaxy or the mass scale known from the measured stellar velocity dis-
persion of the lens galaxy. If the number of images predicted for the source position is not
correct, or the parity of the predicted images is incorrect, an arbitrarily high χ2 is assigned
to the model. All of the individual χ2 are added to the χ2 budget to give a total χ2 for a
model,
χ2tot = χ
2
pos + χ
2
f lux + χ
2
oth. (2.7)
Since the model optimization is carried out in the image plane it is called the image plane
χ2 minimization. Subtracting the total number of parameters that are optimized from the
total number of constraints imposed gives the total number of degrees of freedom (dof)
for a model. The goodness-of-fit of a model is then determined by the reduced χ2 (i.e.
χ2tot/do f ) of the model. The model with a minimum reduced χ2 (≃1, preferably) will be
the best approximate mass model. Since all of the images have to be mapped back to
the source plane (fast) and remapped to the image plane which involves numerical root
finding (slow), this minimization is time consuming.
A minimization routine which is faster but also approximate, is the source plane min-
imization. The source plane χ2 is defined by,
χ2src,pos =
∑
i
δβTi · M
′T
i · S −1i · M′i · δβi , (2.8)
where,
δβi = βobs,i − βmod . (2.9)
Here, the source positions are found from the observed positions of the images via βobs,i =
θobs,i − α(θobs,i), the modeled source position βmod is
βmod =
∑
i M
′T
i · S −1i · M′i · βobs,i∑
i M
′T
i · S −1i · M′i
, (2.10)
and M′i is the magnification matrix. The modeled source position is the error-weighted
mean of βobs,i. Here, the χ2 in the source plane (Eq. 2.8) is an approximation of the image
plane χ2 (Eq. 2.1). This approximation of M′i · δβi ≈ δθi holds good when δβ is small.
Any deviation in the source plane is multiplied by the magnification matrix M′i to give an
approximate image plane deviation. Using the best-fitting model from the approximate
30
2.2 Standard Mass Models
source plane minimization as an initial guess model for the image plane minimization,
allows the minimization in the image plane to converge faster. Since the lens equation
is not solved to find all of the images of a source, this minimization can find best-fitting
models which predict an incorrect number of images or do not conserve the parities of
the images. Nevertheless, source plane minimization is very useful to narrow down the
search in the parameter space which can be later efficiently tested with the image plane
minimization.
2.1.3 Errors on the Model Parameters
When k parameters are varied, the distribution of ∆χ2 = χ2 − χ2
min around the best-fitting
parameters is given by the χ2(k) distribution with k degrees of freedom. The errors on
the best-fitting parameters of a model are expressed in terms of confidence limits using
the posterior probability distribution for each of the parameters. The confidence limits
indicate the probability that the true value of the parameter will lie within the specified
limits with a certain per cent confidence. From the k-dimensional parameter space of the
χ2 distribution, the confidence levels on the probability of each parameter can be given
individually (Press et al. 1992). For example, the boundary ∆χ268% corresponds to an
interval for each parameter and, statistically, a parameter will assume values within this
interval with a 68 per cent (1σ) probability. The value of ∆χ2 for a given confidence
interval depends on the number of degrees of freedom k (see table in section 15.6 of Press
et al. 1992).
2.2 Standard Mass Models
The solution of the lens equation is dependent on the specified mass model. In this section
the analytical mass distributions of galaxy-scale halos used in this thesis are presented.
These simple mass models are an approximation to the inferred mass distributions. How-
ever, by and large they represent the true distribution satisfactorily. Moreover, they can
be combined to create arbitrarily complex mass distributions (i.e. multi-component mass
distribution).
2.2.1 Power-law Density Profile of a Circular Lens
The radial light distribution in galaxies can be commonly fitted using a power-law (e.g.,
Caon et al. 1993). The density distribution in dark matter haloes can also be described
with broken power-laws (i.e. NFW profile; Navarro, Frenk & White 1997). Since most
galaxies and clusters of galaxies are well described by power-laws, the lensing properties
of circularly symmetric density distributions are examined here. The density distribution
in three dimensions is assumed to be a power-law given by
ρ ∝ r −γ. (2.11)
The symmetry of the lens distribution implies that the images will be collinear with
the centre of the lens and the source position. In this case, the vectorial lens equation can
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be reduced to a scalar equation using |β| and |θ|. When the source lies directly behind the
centre of the lens, an Einstein ring is formed due to symmetry.
The surface mass density κ is the projection of the line-of-sight density distribution
on a plane in the sky and hence is proportional to r1−γ. The surface mass density κ, the
deflection angle α, and the shear γs are given by
κ(θ) = 3 − γ
2
(
θ
b
)1−γ
, (2.12)
α(θ) = b
(
θ
b
)2−γ
, (2.13)
γs(θ) = γ − 12
(
θ
b
)1−γ
. (2.14)
where b is the Einstein radius.
2.2.2 Singular Isothermal Sphere (SIS) Profile
A simple case of the power law lens models with γ = 2 applies fairly well to the mass
distribution seen in galaxies (Koopmans et al. 2006b). The model corresponds to a self-
gravitating spherically-symmetric ideal gas in steady state equilibrium with a constant
temperature at all radii. Hence, it is called isothermal and the term singular reflects the
fact that the density diverges at the centre. Flat rotation curves as observed in spiral
galaxies are a characteristic of this distribution (e.g., Rubin et al. 1985). In the case of
elliptical galaxies, the velocity dispersion of stars acts as a kinetic temperature which is
constant with radius (e.g., Binney & Tremaine 1987).
The surface mass density at a projected radius ξ for a SIS is given by
Σ(ξ) = σ
2
2Gξ (2.15)
where σ2 is the one dimensional velocity dispersion. Since κ = Σ/Σcrit and using Eq. 1.9
for Σcrit , the convergence for a SIS is
κ(θ) = 1
2θ
4πσ2Dds
c2Ds
. (2.16)
Comparing Eq. 2.16 with Eq. 2.12 for n = 2 gives
b = 4πσ
2Dds
c2Ds
, (2.17)
which is the same as the Einstein radius. Moreover, the deflection and shear are given by
α(θ) = b, (2.18)
and
γs(θ) = 12
b
θ
= κ(θ) . (2.19)
Thus, the deflection is a constant at all impact parameters.
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2.2.3 Non-singular Isothermal Sphere (NIS) Profile
The singularity at the centre of a SIS can be avoided if the density distribution of the
halo near the centre is replaced by a constant within a core radius (rc). This is termed
a non-singular (or softened) isothermal profile. Introducing a projected core radius ξc in
Eq. 2.15 gives
Σ(ξ) = σ
2
2G
√
ξ2 + ξ2c
. (2.20)
The lens properties are thus,
α(θ) = b (
√
θ2 + θ2c − θc)
θ
, (2.21)
κ(θ) = b
2
√
θ2 + θ2c
, (2.22)
where ξc = Ddθc and,
| γs(θ)| = b (ω − θc)2 ω (ω + θc) . (2.23)
where ω2 = θ2 + θ2c .
2.2.4 Singular Isothermal Ellipsoid (SIE) Profile
Spherical mass distributions cannot produce quadruple images. Furthermore, numerical
simulations predict ellipticity and triaxiality in the mass distribution of galaxies (e.g.,
Jing & Suto 2002) and observations show ellipticity in the surface brightness distribution.
Therefore, any possible angular structure in the lens potential must be accounted for in
the models. The spherically symmetric density profile can be modified using an axis ratio
(q) to include ellipticity e (e.g., Kormann et al. 1994). The corresponding surface mass
density is,
Σ(ξ1, ξ2) = σ
2
2G
√q√
q2ξ21 + ξ
2
2
=
σ2
2G
√q
ζ
, (2.24)
such that ξ1 and ξ2 are along the major axis and minor axis of the ellipsoid, respectively2.
Here, ζ = (q2ξ21 + ξ22)1/2 and 0 < q ≤ 1. Iso-density elliptical contours labeled by ζ cor-
respond to ellipses with ζ as the minor axis and ζ/q as the major axis. The normalization
used in this convention implies that the mass inside an iso-density contour for a fixed Σ is
independent of q.
In gravlens, the major axis ξ1 = Ddθ1, the minor axis ξ2 = Ddθ2, the ellipticity
e = 1 − q and the scaled surface mass density κ is,
κ(θ1, θ2) = b2[(1 − ǫ) θ21 + (1 + ǫ) θ22]1/2
. (2.25)
2The axes labels ξ1 and ξ2 are flipped relative to those in Kormann et al. (1994) while maintaining
consistency in their physical meaning.
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Here ǫ is related to the axis ratio q by
q =
√
1 − ǫ
1 + ǫ
, (2.26)
and the mass scale b is related to the velocity dispersion σ by,
b =
√
2q
1 + q2
4π
σ2
c2
Dds
Ds
. (2.27)
Since there is no circular symmetry, the deflection angle cannot be reduced to a one di-
mensional scalar and has two components, one along the θ1 axis and the other along the
θ2 axis. These are denoted by α1 and α2 respectively and are given by,
α1 =
b√
2ǫ
tan−1
 θ1 √1 − q2[q2 θ21 + θ22]1/2
 (2.28)
and,
α2 =
b√
2ǫ
tanh−1
 θ2 √1 − q2[q2 θ21 + θ22]1/2
 . (2.29)
The magnitude of the shear | γs(θ1, θ2)| in this case also equals the surface mass density
κ(θ1, θ2).
2.3 Degeneracies in the Models
Although lensing is very useful to estimate the mass enclosed within the Einstein radius
of the lensing halo and to constrain the Hubble constant independently, however, it has
a set of drawbacks. Some parameters are degenerate and cannot be uniquely estimated
from gravitational lensing alone. Two common degeneracies are discussed here.
Steepness degeneracy
The lens equation that relates the background source position to the position of the images
is
β = θ − α(θ) (2.30)
where the deflection angle (α) depends on the lens mass distribution. Consider a circularly
symmetric lens potential at the origin and two images formed at θA and θB on the opposite
side of the lens. Using Eq. 2.30, the unknown source position can be eliminated to give
θA − α(θA) = −θB + α(θB). (2.31)
where θB is in the negative quadrant. The deflection produced by a circularly symmetric
power law profile (ρ ∝ r−γ) is given by α = bγ−1θ2−γ. If α(θ) is substituted in Eq. 2.31,
then the Einstein radius (b) or more generally, the critical radius can be given as
b =
 θA + θB
θ
2−γ
A + θ
2−γ
B
1/(γ−1) . (2.32)
34
2.3 Degeneracies in the Models
slope γ
Cr
itic
al
 ra
di
us
 b
 (a
rcs
ec
)
χ2=0.1, 1, 2
 1.7  1.8  1.9  2  2.1  2.2  2.3
 1
 1.5
 2
 2.5
 3
 3.5
 4
slope γ
Cr
itic
al
 ra
di
us
 b
 (a
rcs
ec
)
χ2=0.1, 1, 2
 1.7  1.8  1.9  2  2.1  2.2  2.3
 1
 1.5
 2
 2.5
 3
 3.5
 4
Figure 2.2: The degeneracy between the critical radius and the slope of the power law
profile is broken by introducing the constraints from the structure in the two images.
Eq. 2.32 shows that for any doubly imaged lens system with an arbitrary circularly sym-
metric profile, and fixed values of the observables θA and θB, a degeneracy is introduced
between the power law index γ and the Einstein radius b. In principle, this degeneracy
is broken by using the flux density ratio. However, there are not enough constraints to
take into account the effects of asymmetry in the lens potential. Using extra constraints
from the structure in a doubly imaged lens system could break the degeneracy. This is
illustrated below with a toy model using gravlens.
Consider a SIS+shear model with an Einstein radius of b = 2.3 arcsec at (0,0), a shear
of 2 per cent with a position angle of 80 deg and a source at (1,1) arcsec. This toy model
is used to generate mock data with two point-like images. These data, when fitted with a
power law, show degeneracy between the slope of the density profile and critical radius
b (and hence, the mass within). Fig. 2.2 shows the χ2 surface plot for the critical radius
b and slopes of the power law density profile. The panel on the left shows that several
models are found to be equally good which have b and γ in different combinations when
the source has two point-like images.
Now, consider a second source at (1.0008, 1.0011) arcsec introduced in the previous
model. Addition of this source generates two more images close to the images generated
by the first source. A model fitted to the data reproduces all the parameters very well
as shown in the right panel of Fig. 2.2. The χ2 surface is well-constrained giving more
definite values for both b and γ. Thus, the structure in the images defined by an annulus
δθ = θA − θB encompassing the images can be used to constrain the density profile within
the annulus. (e.g., Kochanek et al. 2004).
Degeneracy between ellipticity and shear
The quadrupole moment of the lens potential introduces angular perturbations in the po-
tential and the mass distribution which are observable. In the Taylor-expanded expression
for the lens potential, further higher order terms also exist but are generally negligible.
However, what is indistinguishable is the effect of individual factors, that is, the elliptic-
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Figure 2.3: A contour plot of χ2 as a function of shear and ellipticity showing the degen-
eracy between the two quantities.
ity, the internal shear (i.e. arising from the mass within the critical radius) and the external
shear. This is demonstrated by their individual contributions to the potential as,
ψ(θ, χ) = −ǫ θ
2
cos 2(χ − χǫ) , (2.33)
and,
ψ(θ, χ) = −γs θ
2
2
cos 2(χ − χγs ) , (2.34)
where γs represents the internal and external shear together.
A toy model of an isothermal sphere and an external shear (2 per cent) with a position
angle of 70 deg was used to generate multiple images of two artificial sources. The
mock data thus generated was tweaked within the assigned uncertainties of 1 mas on
the positions. A model with an isothermal ellipsoid and external shear was then used
by fixing the position angle at 70 deg for both ellipticity and shear, and allowing the
ellipticity and shear to fit the data. Fig. 2.3 shows that the values of the χ2 for models with
various combinations of ellipticity and shear are equally preferred. The ellipticity can be
increased in the model and shear can be decreased to get an equally acceptable model.
Similarly, the shear can be increased up to the initial value of 2 per cent by decreasing
the ellipticity to 0. Thus, it is difficult to constrain the effects of ellipticity and shear
individually.
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techniques for data reduction
Gravitational lensing can produce multiple images of a distant background source that
cannot be seen directly due to the intervening matter. The light coming from such distant
sources is likely to interact with the line-of-sight particles on its way to the observer. Since
lensing is an achromatic phenomenon, the light from lensed images can be observed at
various wavelengths. The radio emission, although weak, can carry information from the
distant Universe since it suffers little from propagation effects. Also, the emission is seen
with radio from milli-arcsecond (mas) to arc-minutes scales. Moreover, the terrestrial
atmosphere is transparent to a wider range in the radio regime making the less expensive
ground based instruments a viable option as compared to other electromagnetic wave
bands like x-rays where space based instruments are inevitable. Therefore, it is more
efficient to study distant gravitationally lensed sources and their properties in the radio.
In an attempt to achieve higher resolutions, larger telescopes or higher frequencies are
needed (resolution = wavelength/size of the aperture). For practical reasons, telescopes
cannot be arbitrarily enlarged or the source of interest may not always emit at higher
frequencies. Instead, signals from several telescopes separated over large distances can
be combined. This is called Interferometry. The early radio interferometers (ca. 1950)
were similar to Michelson interferometer where the principle is the same as in the optical.
In a radio interferometer, the signals from two antennas are added and fed to a square-
law detector where the output is proportional to the square of the sum of two antenna
voltages. The next important development was in 1952 when Ryle introduced the phase
switching interferometer. Here, the phase of one antenna is periodically reversed such
that the output is proportional to the time average of the product of the voltages measured
by each antenna, which is called cross-correlation of signals.
Advanced techniques have been developed and numerous radio arrays have been con-
structed since, for example, the Very Large Array (VLA) consisting of identical and mo-
bile antennas spread over regular distance intervals or the Multi-Element Radio Linked
Interferometer Network (MERLIN) with different sized and randomly distributed anten-
nas. For both the VLA and MERLIN the data are correlated in real time. With increased
separations between antennas, the technique used in combining the signals also becomes
important, for example, it should be cost effective, the losses in the signal amplitude
should be minimized, the signals should be synchronously combined etc. Very Long
Baseline Interferometry (VLBI) is a technique wherein the antennas are not physically
connected and the signal from each antenna is recorded on disks. These tapes are brought
together to be multiplied and averaged in a correlator. Therefore, the phases of the signals
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from all of the antennas need not be synchronized during the observation i.e in real time.
This technique allows the use of the longest baselines possible on ground (and space) to
give the highest angular resolution, typically of the order of sub-milliarcsecond. This al-
lows celestial sources to be studied in detail, and astrometric and geodetic measurements
to be made with great accuracy. However, accounting for measurement errors is much
more difficult in VLBI compared to the errors in smaller and homogeneous arrays be-
cause the geographical/weather conditions at each antenna are different. Such differences
have to be taken into account.
Throughout this thesis, high angular resolution imaging with interferometer arrays is
used to study gravitational lens systems. The following sections are to familiarize the
reader with the basic concepts involved in the process of making radio images using the
technique of interferometry1.
3.1 Introduction
This section compares the response of a single element aperture with a multi-element
interferometer to show the importance the latter has in the observational aspect of this
thesis project.
Resolution
Consider a single element antenna with an aperture of size D that receives a signal at
wavelength (λ). The Fourier transform of the aperture illumination is the far-field pattern.
In the one dimensional case,
E(φ) =
∫
E(x) e−ikxsinφdx (3.1)
where E(x) is the aperture field distribution and the power pattern is P(φ) = |E(φ)|2.
The power pattern is also known as the response of the antenna and has a maximum
in the centre and weak side-lobes at the edges (assuming symmetry). A plot of a one-
dimensional power pattern is shown in red in Fig. 3.1. The angular resolution of an
antenna is given by Rayleigh’s criterion as the separation between the maximum and the
first null which occurs at ∼ λ/D.
Suppose there are two antennas each with aperture D and separated by a distance B
called the baseline. The combined response of the antennas is the interference pattern
shown in green in Fig. 3.1 which is enveloped by the diffraction pattern of the single
antenna. Here, the resolution is again given by the extent of the first null from the central
maximum which occurs at ∼ λ/B. Thus, as the baseline is increased higher, a higher
resolution is achieved. In Fig. 3.1, baseline B is chosen four times the single antenna
aperture D for illustrative purpose. Practically, a baseline is several times larger than the
aperture of an antenna, for instance, the size of the VLA antennas is 25 m whereas the
longest baseline is 36 km.
1The concepts discussed here are mainly relevant to the topic of the thesis. For detailed understanding,
see Thompson et al. (1986), Taylor et al. (1999), Zensus et al. (1995) and Perley et al. (1989)
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Figure 3.1: Interference fringes of the two antenna power pattern enveloped by the single
antenna power pattern. Therefore, the resolution (∼ λ/B) achieved due to a two-antenna
baseline B is much higher than the resolution (∼ λ/D) from a single antenna of size D.
What do we measure ?
The fringes obtained from the interference pattern of the two antennas have an intensity
maximum (Imax) and an intensity minimum (Imin). Hence, the visibility is defined as
V = Imax − Imin
Imax + Imin
. (3.2)
For a point source, the Imin in the fringes will reach zero thereby, giving V = 1. This
almost never happens in reality since a source has a finite size and the emission from
different points in the extended source do not interfere destructively at the same point.
Thus the Imin > 0 and so the visibility V < 1.
It is convenient to measure the visibilities in the following way. Consider a distant
source in an arbitrary direction of unit vector s¯ making an angle θ with respect to a ref-
erence point called the phase centre (see Fig.3.2). The signals measured by two antennas
at a distance B apart differ due to the difference in the paths traversed. The corresponding
time delay in the signal received by the first antenna with respect to the second is called
the geometric time delay (τg = ¯B · s¯/c). In order to compensate for this and combine
the signals coherently, an instrumental delay is introduced in the path of the second an-
tenna. The signals received from each antenna are further processed digitally, as shown
in the schematic diagram, and are filtered and down-converted to intermediate frequen-
cies for practical convenience. The cross-correlation of the voltage signals is performed
by multiplying and then averaging in an integrator to give a complex quantity called the
visibility.
V = 〈V1V∗2〉 . (3.3)
The visibility from a pair of antennas at an instant gives a Fourier component of the
brightness distribution of the source. If the visibilities are measured as a function of
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Figure 3.2: The radiation emanated from a source with a direction vector s¯ is received by
two antennas separated by baseline B. The measured signals are combined in the corre-
lator to produce the coherence function which is the Fourier transform of the brightness
distribution (adapted from Thompson 1999).
different antenna separations (baselines), a visibility function can be obtained and used
to reconstruct the brightness distribution (I(s¯x)). This visibility function is also called the
spatial coherence function. Therefore, for a source s¯x away from the reference direction,
the two-dimensional visibility function is
V =
∫
4π
A(s¯x) I(s¯x) e−i2πν ¯B·s¯/cdΩ = |V| eiφ (3.4)
where A(s¯x) is the power pattern of the antenna and φ is the phase of the cross-correlated
signal.
3.1.1 Synthesis Imaging
Consider the projection of baselines in the uv-plane such that the v-axis points towards
the North celestial pole and u-axis towards the east. Let the source brightness distribution
(I) be defined in the xy-plane. Ideally, if the visibilities are measured at all points in
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Figure 3.3: Snapshots of the distribution of the visibilities using MERLIN show increas-
ingly filled uv-data points in the u,v-plane due to the motion of antennas with the rotation
of the earth over time.
this plane, the brightness distribution (I (x,y)) can be calculated. Practically, this plane
has large gaps since it is not economical to construct antennas to fill the visibility plane
completely. Fortunately, as the Earth rotates, the projected baselines change as a function
of time, thereby giving visibilities at different points in the uv-plane. This is called Earth
Rotation Synthesis.
Fig. 3.3 shows the baselines of the MERLIN antennas which trace the visibility func-
tion along curves, filling the uv-plane at different instants of time. Each curve corresponds
to a pair of antennas such that one of the antenna is at the origin and the other traces a
curve with respect to the former. Fig. 3.4 is an illustration of the spatial extent of the uv-
coverage of MERLIN and the Very Long Baseline Array (VLBA). The VLBA can map
features at milli-arcsecond scales whereas MERLIN is best used for mapping sources ex-
tended over several sub-arcseconds. Note that low resolution arrays are equally as useful
as high resolution ones since different sciences can be done with both of them.
From the van Cittert-Zernicke theorem (Born & Wolf 1959), the brightness distribu-
tion is given by the Fourier transform of the visibility (V) which is a complex function
measured by the antenna
I(x, y) = F (V(u, v)) (3.5)
where V(u, v) = |V|eiφ is the visibility in the uv-plane.
The visibility function is sampled at various points in the visibility plane (uk, vk). The
sampling function S(u,v) is given by
S(u, v) =
∑
k
wk δ(u − uk) δ(v − vk) (3.6)
where wk is the weighting factor. The sampled visibility function is given by
V˜(u, v) = S(u, v) ×V(u, v) . (3.7)
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Figure 3.4: Distribution of the visibilities in the uv-plane showing MERLIN and VLBA
baselines at the same scales. The inset shows a zoomed-in image of MERLIN baselines.
A dirty image is a reconstructed image of the source brightness distribution but with
incomplete visibility function i.e. gaps hence, referred to as dirty. The dirty image Id(x, y)
can be obtained by Fourier transforming the sampled visibility function,
Id(x, y) = F
(
V˜(u, v)
)
= F
(
S(u, v)
)
∗F
(
V(u, v)
)
. (3.8)
The second equality comes from the convolution theorem, the right hand side is the
convolution of the dirty beam Bd with the real image I i.e.
Id(x, y) = Bd ∗ I (3.9)
where Bd = F 〈S(u, v)〉 is the point spread function. Therefore, the dirty beam Bd must be
deconvolved from the dirty image Id to obtain the true image intensity distribution (I).
3.1.2 Basic Terms
Some basic terms which are used in this thesis are now defined,
Coherence time
The time tc within which the phase of the fringes changes by less than a radian is called the
coherence time. This quantity can depend on atmospheric effects, electronics, accuracy
of system clocks etc. Sources which are weak need longer averaging time but this time is
limited by the coherence of the phases within that time. If the data is averaged for t > tc, it
is difficult to find the peak of the fringes. This degrades the Signal-to-Noise Ratio (SNR).
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Sensitivity
The measurement of the weakest feature of emission that can be detected is called the
sensitivity. The sensitivity of an image obtained from N identical antennas observing
with a bandwidth ∆ν and integrated over time tint for a single polarization is,
∆Im =
1
ηs
√
Tsys
N(N − 1) tint ∆ν K . (3.10)
Factors like receiver noise, feed losses, spillover, atmospheric emission etc. are included
in the system temperature (Tsys); ηs is the system efficiency which accounts for the effects
of the electronics; K = ηA/2k is a measure of antenna performance consisting of antenna
efficiency (η), area of the antenna (A) and Boltzmann’s constant (k). Note: Tsys and K are
assumed to be the same for all antennas which is generally not true for VLBI arrays since
the antennas have different sizes and efficiencies. It is clear from Eq. 3.10 that antennas
with low Tsys and/or large areas are most sensitive. Also, including more antennas in an
array will improve the image sensitivity.
3.1.3 Smearing Effects
The frequency of a signal received by an antenna is generally converted to an intermedi-
ate frequency which is convenient for electronic processing of the signals. This is called
the intermediate frequency (IF). Furthermore, the signals are not measured at a single
frequency but at a range of frequencies which forms the bandwidth and each IF is di-
vided into channels within that bandwidth. The consequences of averaging data over the
bandwidth and time are discussed below.
Bandwidth smearing
The uv-plane is obtained by scaling the antenna separations with the wavelength of obser-
vation i.e. u = xu/λ, v = xv/λ where xu (and yv) is the antenna separation projected along
u (and v) axis. Given a baseline, the ratio uλ/vλ = constant. Therefore, the frequencies
within a bandwidth (△ν) correspond to different uv-points in the radial direction. Due to
the Fourier relation between the uv-plane and the image plane, the points in the image
plane get rescaled too. If the visibilities averaged over a bandwidth (△ν) centred at ν0
are changing significantly, then the features in a map are radially smeared and suffer loss
of peak flux density far from the phase centre. This is called bandwidth smearing. This
effect is given in terms of fractional loss in the peak intensity II0 ∝ β. Here, β =
△ν θ0
ν0 θHPBW
is
proportional to the fractional bandwidth (△ν/ν0) and distance from the phase centre scaled
by the beam-width (θ0/θHPBW). In Fig. 3.5, a feature observed with ∼8 mas resolution (of
VLBA) at 1.7 GHz, situated at an angular separation of ∼ 4.6 arcsec from the phase cen-
tre is shown. The effect of radial smearing can be clearly seen due to averaging over the
complete bandwidth of 32 MHz in the left panel. When the visibilities are averaged over
8 MHz bandwidth, the peak intensity and the shape of the feature is less affected. In case
of averaging over a bandwidth of 0.5 MHz, the smearing effects are minimum and the
percent loss in the peak intensity is negligible.
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Figure 3.5: For frequencies averaged over 32, 8 and 0.5 MHz wide bands, the effects of
bandwidth smearing of a feature in the map are shown.
Thus, when mapping a wide field with a single phase centre, the fidelity of the features
far from the centre can be maintained by not averaging the data over the whole bandwidth.
Time average smearing
When the visibilities are averaged over a time interval δt, the averaged value corresponds
to a time (τa). However, due to the rotation of the earth, the visibility function rotates
through an angle ωeδt, resulting in different uv-data points corresponding to different
times in the interval δt. This in turn causes smearing of the features in the image through
the same angle and leads to a loss of peak flux density which is proportional to the time
τa and the distance from the phase centre scaled by the beam-width (θ0/θHPBW) i.e.
1 − I
I0
∝
(
θ0
θHPBW
)2
τ2a . (3.11)
3.2 Phase Referencing
The phase measured by the correlator is the visibility phase along with the associated
errors. These errors originate from the atmosphere, ionosphere, instruments and geomet-
rical (astrometric) uncertainties. For VLBI, each of these terms can be significant and
hence the phase needs to be corrected. Geometric errors can be due to uncertainties in
the terrestrial or celestial co-ordinates. Instrumental errors come from the propagation of
the signal through different antenna electronics, use of different clocks at different sta-
tions, inefficient instrumental response due to elevation dependent effects and axis-offsets
due to rotation of the axes of antennas. The antennas are generally separated by several
kilometers. Not only do they look through the atmosphere or ionosphere along different
geometric path lengths but also the compounds with different refractive indices (n , 1) in
the atmosphere. Also, the ionized particles in the ionosphere give rise to additional phase
delays.
These phase errors and delays can be corrected (using fringe fitting / self calibration)
provided the source has a high enough signal-to-noise ratio (SNR). Otherwise, a noise
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spike can give a false signal detection when trying to align the phases from different
antennas. This means only strong sources can be imaged. However, one could still image
weak sources by taking the corrections from a strong source nearby (typically < 2◦). This
is exactly what is done in phase referencing2. In this technique, the weak target source
is observed at short intervals along with a nearby strong calibrator source. If the phases
are measured in an interval short enough such that they can be added coherently, then the
phase errors will not be significantly different for both of the sources. These phase errors
determined for the calibrator can then be interpolated and used to correct for the target
source.
The phase calibrator should satisfy the following criteria: a) it should be a point source
(unresolved at most frequencies), b) it should be strong (loosely SNR > 5 within the co-
herence time), and c) the calibrator source position should be known with high accuracy.
Due to the high resolution of VLBI it is not always possible to find an unresolved strong
source near to the target. Experience shows that phase referencing produces best results
for a switching angle (θs, angle between target and calibrator) of ∼ 2 deg at 8.4 and 5 GHz,
and < 4 − 5 deg at 1.7 GHz.
3.3 Editing
Editing is an important step in data reduction. Some careful editing is required to flag bad
data which are baseline or antenna dependent. Sometimes the antenna is off source when
it should be looking at the source or certain scans are bad (for example, high spikes) due
to bad weather. Such scans should be completely flagged to avoid incorrect interpolation
of the calibration. Even after the calibration has been applied to the data, some editing
or flagging might be needed to take care of calibration problems. For instance, a scan
on an antenna with an incorrect calibration factor shows low amplitude compared to the
neighboring scans, hence it needs to be deleted. Fig. 3.6 shows examples of some real
data from observations presented in this thesis. The top left panel shows the first few
bad scans on baselines with Arecibo (AR) indicating it is not yet looking at the source.
These scans should be flagged. The top right panel shows that for most of the scans on
baselines with Fort Davis (FD) the antenna was on-source after a time delay of a few
minutes. This means FD is slewing and needs flagging. Bottom left panel shows Torun
(TR) with some amplitude calibration problems on all baselines whereas Effelsberg (EF)
on the bottom right clearly shows amplitude of about 0.2 Jy for the same baselines. Thus,
TR was completely rejected and a few bad data points were edited out for EF.
3.4 Calibration
The measured visibilities are not the same as the true visibilities owing to various factors.
Correcting for these factors to get the value closest to the true visibilities is called Cali-
bration. Calibration is required at several stages of data observing, recording, processing
2Note: Since the phases are measured by choosing the calibrator as the phase centre, only the relative
position of the target with respect to the calibrator is known in phase referencing.
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Figure 3.6: The panels in the figure highlight the bad data resulting from problems of
different natures.
etc. Some initial calibration like accurate positions of the antennas, their pointing, an ac-
curate source position and checking the gains of the antennas with the help of a calibrator
are essential.
3.4.1 Amplitude Calibration
The measured visibility is related to the true visibility as follows,
V˜i j(t) = Gi j(t) Vi j(t) + ǫi j(t) + ηi j(t) , (3.12)
where the subscripts i and j represent antennas, Gi j(t) is the baseline based complex gain,
ǫi j(t) is the baseline based complex offset and ηi j(t) is the baseline based complex noise.
The baseline based complex gain can be divided into complex gains of associated anten-
nas and a baseline based residual gain, gi j(t) is called the closure error,
Gi j(t) = gi(t) g∗j(t) gi j(t) = ai(t) a j(t) ei(φi(t)−φ j(t)) . (3.13)
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Generally, the closure error is a small factor and can be ignored. The antenna gain further
consists of amplitude and phase corrections. Ignoring the noise terms in Eq. 3.12 and
retaining only the amplitudes, the measured visibility amplitude (i.e. the raw correlation
coefficient) is then
Γi j = ai(t) a j(t) S i j . (3.14)
Substituting for the amplitude terms of the antenna gains and rearranging the Eq. 3.14
gives,
S i j = Γi j b
√
Tsysi Tsys j
KiK j
(3.15)
where b is the quantization correction factor, Tsys is the system temperature of an antenna
in Kelvin and Ki is a measure of antenna performance in K Jy−1. The system temperature
is measured frequently in an observation run since it is time and elevation dependent.
Using Tsys and K to determine the amplitude calibration is called the a priori amplitude
calibration. An improvement to this calibration can be made by observing a strong non-
varying source and performing amplitude self-calibration to get the corrections.
3.4.2 Fringe Fitting
The model used by the correlator to account for the geometric time delays and the fringe
rates has errors, for instance, the antenna position, the clocks at different antennas and
errors in the Earth and atmospheric model etc. These errors cause sloping phases and
phase offsets across the frequency bands. The error in the interferometer phase expanded
to a first order is given by,
∆φt,ν = φ0 +
∂φ
∂ν
∆ν +
∂φ
∂t
∆t . (3.16)
The first, second and third terms are the phase error, the delay residual and the rate resid-
ual, respectively. Fringe fitting estimates these phase delays and phase rate residuals, and
corrects for the same in the data. The data are divided into a two dimensional array of time
and frequency. By taking the Fourier transform, the peak of the function is located in the
delay and rate domain which gives the lowest residuals. Fringe fitting on weak sources is
difficult since the signal-to-noise ratio (SNR) is not high enough for identifying the true
peak. After fringe fitting, the data can be averaged over time and frequency to improve
SNR and to reduce the size of the data at the expense of bandwidth/time smearing.
When the delays and rates are determined for each baseline and then obtained for the
antennas, it is called Baseline-based fringe fitting. Here, the source has to be detected on
all baselines or else the baselines with only a weak or non-detection will not be calibrated.
Also, this method may not always determine phases, delays and rates that will satisfy the
closure relationship (see section 3.4.3)
Global fringe fitting is used to generate a solution for antenna-based delay and fringe
rate parameters simultaneously. Using a reference antenna, solutions for antennas are
found directly as opposed to baseline based fringe fitting. The increased sensitivity of
this method allows fringe fitting on weaker sources. Fig. 3.7 shows an example of global
fringe fitting.
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Figure 3.7: Left: Phase offsets across the frequency channels on various baselines before
fringe fitting. Right: Aligned phases after fringe fitting for the same baselines. Note that
the scatter in the phases has also reduced after fringe fitting.
3.4.3 Closure Phase and Amplitude
In the late 1960s, Roger Jennison realized that the sum of the visibility phases around a
closed loop of baselines would be free of antenna based errors since they get canceled.
Such a sum is called closure phase. The closure phase for a triangle of three baselines can
be written as
φi jk = φi j + φ jk + φki . (3.17)
Similarly, closure amplitude for a closed loop of four antennas is the ratio of the visibility
amplitudes needed to cancel the antenna based gains,
Ai jkl =
|V˜i j|
|V˜ik|
|V˜kl|
|V˜ jl|
. (3.18)
Both of these quantities are good observables, but were not enough to constrain the un-
known visibilities and could not be used for imaging till the 1970s. Later, an iterative
approach was developed by Readhead & Wilkinson (1978) (henceforth, RW) to use the
closure phases and a priori information of the source for making maps which came to
be known as Hybrid mapping. An initial model of the source is used to determine the
phases on baselines with the help of the observed closure phase. A new model is made
from the observed visibility amplitudes and the above determined phases. While mapping
the source for the new model, a narrow window is chosen around the source in order to
reject most of the surrounding regions which is mostly noise. The steps are repeated until
a satisfactory map of the source is obtained.
3.4.4 Self-calibration
This method, also like hybrid mapping, consists of two parts. a) Determining the antenna
based complex gain corrections i.e dealing with complex visibilities3 and b) determin-
3The essential difference between Self-calibration and Hybrid mapping is that the former method ex-
plicitly solves for the antenna based corrections to remove them and the latter uses the closure quantities
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ing the source brightness distribution which is done using the clean method, which is
described in section 3.5.
Self-calibration is based on the principles of the RW method except that the antenna
gains are allowed to vary in the process of determining the source brightness making the
quality of the images better. Basically, the following equation is minimized by varying
the antenna gains gi and g j, and the model visibilities V̂,
S =
∑
k
∑
i, ji, j
wi j(tk)|V˜i j(tk) − gi j(t)g∗i j(t)V̂i j(tk)|2 . (3.19)
Here, wi j(tk) are the weights that can alter the way self-calibration proceeds. These
weights are generally determined from the errors in the observed visibilities. A standard
approach is to choose simply the reciprocal of the variance of the measured visibilities
called natural weighting. This down weights the data points which have poor or no mea-
surements and increases the sensitivity of the map.
Fig. 3.8 depicts the process of self-calibration. Here, a good starting model of the
source is required. This model is subtracted from the observed visibilities in order to
solve for the complex antenna gains. These solutions are used to determine corrected
visibilities
Vi j,corr(t) =
V˜i j(t)
gi j(t)g∗i j(t)
. (3.20)
Now, from the corrected visibilities a new model of the source is made which can be used
for the next iteration. These steps are repeated until a satisfactory brightness distribution
map is obtained. Since the model tries to fit the data exactly, self-calibration works well
if the source is simple like a point source (or a source not much different from the model)
and if the data has a good SNR.
3.5 Imaging
From the visibility function, the true brightness map can be obtained by taking a Fourier
transform,
I(x, y) =
∫ ∞
−∞
∫ ∞
−∞
V(u, v)e−2πi(ux+vy)du dv . (3.21)
This can be carried out using the Direct Fourier Transform (DFT) or the Fast Fourier
Transform (FFT) methods. In either case, the visibility plane needs to be gridded to make
the transform easier. Since the visibility plane is not regularly sampled, the visibilities
may not always lie exactly on the grid points hence, some sort of interpolation is done.
First, a smoothing function C is applied to the observed visibility function and then it is re-
sampled only at regularly spaced intervals using the re-sampling operator R (see Zensus et
al. (1995)). For a large number of grid points, FFT is generally faster than DFT since the
number of operations it needs to perform is far less than that for DFT. Eq. 3.6 shows that
the sampling function is weighted by wk = RkTkDk and is non-zero only at points where
the visibilities are measured. Here the coefficients Rk are associated with the reliability of
each data point. It depends upon the integration time and bandwidth of the observation
which cancel these very antenna based complex gains
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Figure 3.8: A flowchart summarizing self-calibration (Pearson & Readhead 1984).
and system temperature of the antenna. Tk is the tapering function (typically a Gaussian)
and is generally used for downweighting the data at higher spatial frequencies. When the
higher spatial frequencies are sparsely sampled and mostly consist of noise, tapering at
such times can improve the quality of imaging. Dk is the density weighting function and
as the name suggests is used to emphasize different regions in the visibility plane thereby
optimizing the output in the desired direction. For instance to get high resolution, Dk can
be set to the inverse of the density of the visibility points which down-weights the small
spatial frequencies. Applying the convolution theorem to Eq. 3.8 gets Eq. 3.9,
Id(x, y) = Bd(x, y) ∗ I(x, y) . (3.22)
It can be seen that Id(x, y), the dirty map is a convolution of the dirty beam Bd(x,y) which
is a Fourier transform of sampling function S(u,v) and true map I(x,y) which is a Fourier
transform of the true visibilities. Here the additive noise term is ignored. The solution
of convolution given by Eq. 3.22 is called the principal solution which is the dirty map
Id(x,y). Now, suppose there is another brightness function Z which corresponds to un-
measured visibilities in the uv-plane then Bd ∗ Z = 0. Therefore, any I + αZ will be a
solution where α is a multiplicative constant and Z is referred to as the invisible distri-
bution. This implies there is no unique solution to the linear deconvolution problem and
hence, non-linear methods are needed to find an optimum solution.
The two widely used non-linear methods for deconvolution are clean and Maxi-
mum Entropy Method (MEM). MEM reconstructs the surface brightness from the cross-
correlation of the signals by model fitting. The model predicted brightness distribution
(B′) is fitted to the uv-data by maximizing a function f(B′) called the entropy of the
brightness distribution. The entropy function is defined such that it has a unique solu-
tion when maximized. A thorough analysis of MEM and comparison with clean is given
in Nityananda & Narayan (1982). Both the methods have qualitative and quantitative
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differences in the reconstructed brightness distributions. If the source structure is point
like, clean is preferred computationally whereas MEM gives faster and better results for
extended sources. However, careful data processing is needed for MEM to work. The
clean method is implemented in the data reduction of both lenses (except see sect. 5.3.1)
hence a step-by-step description of the method is given below.
3.5.1 Deconvolution:  Algorithm
This iterative algorithm by Ho¨gbom (1974) uses the a priori information of the dirty beam
to discard the side-lobes and retain the real components in the dirty map. For instance it is
not likely that the sky brightness distribution shows the same complex features as the side-
lobes of the dirty beam. Such constraints help to limit the number of plausible models
that will fit the observed features in the dirty map.
The steps performed in clean are,
1. The flux density and position of the intensity peak in the dirty map are determined
2. A factor γ (≤ 1) called the loop gain times the peak strength times the beam is
subtracted from the peak position of the dirty map. Typically, γ ∼ 1%−5% of the
peak
3. This peak position and flux of the so called clean component is stored
4. Steps 1 to 3 are repeated until no flux density peak higher than a threshold level (for
example close to the rms) is found. The clean component subtracted dirty map is
now referred to as the residual map
5. The clean components are convolved with a clean beam (generally an elliptical
Gaussian beam with same Full-Width at Half-Maximum (FWHM) as that of the
central lobe of the dirty beam)
6. The convolved clean components are added to the residual map to create a smoothed
clean map
Further development to this algorithm is the Clark algorithm which unlike cleanworks
in both the image and uv-plane. It consists of two parts. a) Finding the clean components
by accepting any point in the dirty map (with an intensity above a threshold fraction of the
image peak) greater than the highest side-lobe of the dirty beam. b) Fourier transforming
the clean components altogether to the visibility plane using FFT, convolving with the
sampling function, transforming back to the image plane to subtract them from the dirty
map. Cotton & Schwab developed it further by altering the second part of the Clark
algorithm. Here, the FT of the clean components are simply subtracted from the un-
gridded visibility data which eliminates any errors that result from the process of gridding.
It has been implemented in nrao’s4 Astronomical Image Processing Software (aips) used
for data reduction of the lens systems in this thesis.
4NRAO-National Radio Astronomy Observatory
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system MG 2016+112
Numerical simulations of hierarchical structure formation for a CDM cosmology have
predicted a large population of sub-halos within the main halos of galaxies (e.g., Moore
et al. 1999). However, the observed satellite mass fraction of the Milky Way and other
nearby galaxies, have defied these predictions by an factor of 10-100 (e.g., Klypin et al.
1999). It could be that the sub-halos do exist but are unobserved since they are not lu-
minous. For example, many satellites of the Milky Way were discovered recently which
has made the problem of missing satellites less severe (Martin et al. 2007; Simon & Geha
2007). A tool to test the existence of the missing sub-halo fraction would be through grav-
itational lensing which is sensitive to matter irrespective of whether it is dark or luminous.
With the increasing popularity of the applications of gravitational lensing, more and
more lens systems were discovered. Although most of the lens systems could be well
fitted with a smooth model of the mass distribution, the flux ratios are often very poorly
fitted, for instance, MG 0414+0534 (Lawrence et al. 1995), B1422+231 (Patnaik et al.
1992), B2045+265 (Fassnacht et al. 1999). This is the problem of the anomalous flux
ratios. Mao & Schneider (1998) noticed that the discrepant flux ratios of the lensed im-
ages of B1422+123 could be evidence of substructure (i.e. low mass halos ∼106 M⊙) for
example, in the form of globular clusters in the vicinity of the main deflector. Subse-
quently, Metcalf & Madau (2001) carried out simulations to demonstrate that small-scale
structures (.109 M⊙) indeed affect the magnifications of the lensed images without sig-
nificantly distorting the image positions. Furthermore, Dalal & Kochanek (2002) devised
a method to predict the abundance of the satellites of the lensing galaxy and applied this
to a sample of quadruple lens systems. Their predictions of the satellite mass fraction
(0.6 . fsat . 7 per cent) were found to be consistent with the CDM predictions.
It was soon suspected that substructure could also produce astrometric perturbations
in the lensed images at an observable level. However, very few such cases are known
because the background source should have fine structure at milli-arcsecond resolution
(this is only possible to detect in the radio). Secondly, as shown by Metcalf & Madau
(2001), the astrometric perturbations (∼10 mas) in the lensed images can be detected
for substructure with a mass of &108 M⊙ and which has a line-of-sight alignment with
one of the image features. For example, the milli-arcsecond scale structure found in the
lensed images of CLASS B0128+437 could not be fitted with a smooth mass model or a
model with higher order multipoles of the lens potential (see Biggs et al. 2004). A second
(and the most extreme) case of an astrometric anomaly is that of one of the first lenses
discovered, MG 2016+112 which is investigated in this chapter.
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The gravitational lens system MG 2016+112 has intrigued astronomers since its dis-
covery. It showed a puzzling three image configuration (A, B and C) when observed in the
radio. Optical/infrared imaging and spectroscopy confirmed A and B as lensed images.
However, the third component C eluded any of the following classification a) a lensed
image b) a lensing galaxy at the same redshift as that of the main lensing galaxy or c)
a lensing galaxy at a much higher redshift (i.e. a second lens plane). Subsequent high-
resolution radio observations revealed component C to be consisting of a pair of merging
images straddling the critical curve. Such images are expected to be mirror symmetric
and have equal magnification. Hence, MG 2016+112 came to be known as a quadruple
image lens system.
Interestingly, asymmetry in the positions of the fine structure of the merging mirror
images was found, violating the prediction from gravitational lensing theory. Any vio-
lation observed in the flux densities of the lensed images could be a result of intrinsic
source variability or propagation effects like absorption or scattering. An anomaly in the
astrometry of the lensed images however, has to be of gravitational origin. Such cases are
much stronger evidence of CDM substructure than the anomalous flux ratio cases since
no other known phenomenon can introduce astrometric asymmetry in the lensed images.
The mass model results have claimed that MG 2016+112 has luminous substructure and
the problem of the astrometric asymmetry in the pair of merging images can be resolved
(Kochanek private communication, see also Kochanek et al. 2004; Chen et al. 2007).
The work presented here is divided into the following sections. In section 4.1, the
background on MG 2016+112 is described with the help of earlier work on this lens
system. In section 4.2, new multi-frequency high-resolution observations with VLBI are
presented to study the spectra of the fine structure resolved in all of the lensed images.
In section 4.3, the new observational constraints are used to make a better mass model
and revisit the substructure problem. The discussion of the results and comparisons with
previous work are described in section 4.4. Section 4.5 summarizes and concludes the
results of the new observations and the mass models of the lens system.
4.1 Background
Like the blind men groping an elephant from various sides and drawing different con-
clusions with every further exploration, astronomers grappled to solve the mystery of the
lens system MG 2016+112 with every new multi-wavelength observation. In this section,
an up-to-date viewpoint of this system is presented.
4.1.1 The Lensed Images A and B
MG 2016+112 was the first gravitational lens system discovered with a systematic search
for lenses. It was found in the MIT-Green Bank 6-cm survey (1981; Bennett et al. 1986)
which was made with the 91 m transit telescope of the NRAO. Three compact compo-
nents (A, B and C), which form nearly a right-angled triangle, were found with the VLA
(see Fig. 4.1; Lawrence et al. 1984). The separation between images A and B is about
3.4 arcsec. Component C lies 2 arcsec away to the south-east of B and is the strongest
of all. The overall integrated spectrum of this lens system is that of a Gigahertz Peaked
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Figure 4.1: MG 2016+112 discovered in the radio at 5 GHz using the VLA reveals three
unresolved components A, B and C (Lawrence et al. 1984).
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Figure 4.2: Each lensed image A and B is resolved into two components with the 5 GHz
European VLBI Network (EVN) observations (Koopmans et al. 2002b).
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Figure 4.3: HST images of MG 2016+112 in V, I and H bands. Components A and B
are visible in all of the three bands. Although C is detected in all bands, clear arc-like
emission is seen only in the near infrared (H band). In the other bands C is fainter by a
magnitude compared to A and B. The lensing galaxy D is visible only in the infrared and
appears elliptical. Courtesy: CfA-Arizona Space Telescope LEns Survey (CASTLES;
http://cfa-www.harvard.edu/castles/Individual/MG2016.html)
Spectrum source. Component B showed a radio spectrum similar to component A and the
flux density ratio is B:A∼1, whereas component C has a much flatter spectrum. Hence, A
and B were found to be consistent with being lensed images while the nature of C was not
understood. The first 18 cm VLBI observations suggested that there was more than one
component in images A and B (Heflin et al. 1991). These were clearly resolved into two
components in A (A1 and A2) and B (B1 and B2) (see Fig. 4.2; Koopmans et al. 2002b).
The optical counterparts of A and B showed compact emission with an apparent mag-
nitude of 22.5 in the photometric r band (see Fig. 4.3 for the HST image). Optical spec-
troscopy of A and B showed only narrow emission lines (Lyα, N V, Si IV−O IV, C IV
and He II) at a redshift of z = 3.273 (Lawrence et al. 1984). This further confirmed that
A and B are the lensed images of the same background source. The optical and radio
flux density ratios of the components are found to be similar as expected. Furthermore,
Elı´asdo´ttir et al. (2006) recently showed that the optical emission of images A and B do
not suffer from extinction from dust in the lensing galaxy.
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Figure 4.4: Region C was clearly resolved into four compact components in EVN 18 cm
observations (Garrett et al. 1996).
4.1.2 The Lens
A giant red galaxy D was found in the optical lying close to the centroid of A, B and
C (Schneider et al. 1985, see Fig. 4.3 which shows the HST H band image). Based on
the Ca II absorption lines found in the spectrum of D, Schneider et al. (1986) deduced a
redshift of 1.01. The HST V(F555W) and H band (F160W) magnitudes are 25.12±0.93
and 18.46±0.09, respectively. The axial ratio is found to be 0.57±0.01 with a position
angle of 59±2 deg. The stellar velocity dispersion of D is 328±32 km s−1 (Koopmans &
Treu 2002a). From the surface brightness profile and metallicity of D, it was interpreted as
a massive elliptical galaxy consisting of old and metal-rich stars. This radio-quiet massive
galaxy is by far the most distant galaxy-scale lens observed.
4.1.3 Region C
The third radio component (C) in MG 2016+112 deserves special attention and hence it
is summarized here. Since its discovery, region C has eluded any simple interpretation. It
was a long standing belief that C or at least a part of it was a lensing galaxy at a different
or the same redshift as D (see e.g., Lawrence et al. 1984; Lawrence et al. 1993; Nair &
Garrett 1997). The detection of Ly-α emission at z = 3.273 in region C, called C′, was
believed to be the third lensed image (Schneider et al. 1986). Thus, region C was regarded
as a composite structure which included a lensing galaxy C and a third lensed image C′.
Region C was found to be faint and diffuse in the optical, with an apparent magnitude
of 23. The K band imaging presented in Lawrence et al. (1993) showed extremely red
emission from component C and a photometric estimate of its redshift suggested that it
is a galaxy at a much higher redshift than D. However, the red arc-like emission resolved
by deep V and I band Keck images could be better explained if associated with the host
galaxy of the lensed quasar (e.g., see the HST H band image in Fig. 4.3; Benı´tez et al.
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Figure 4.5: The hatched circles A1 and B1 represent the ionized clouds associated with
the background quasar, responsible for strong Ly−α emission lines. The crosses mark the
radio positions, the dots mark the point-like sources of narrow emission lines from A, B
and C′. The light circles indicate extended optical emission (Schneider et al. 1986).
1999).
5 GHz MERLIN observations first resolved component C into two features, an east-
west extended C1 and a compact C2 (Garrett et al. 1994a). Over the next two years using
the better resolution of the European VLBI Network (EVN), the extended feature C1 was
resolved into three more components (C11, C12 and C13) approximately along on east-
west direction (see Fig. 4.4; Garrett et al. 1996). Although these were believed to be three
lensed images, their identity was not certain, while C2, still a compact component, was
likely to be a third lensed image due to its association with the source of Ly-α emission,
C′.
Yamada et al. (2001) studied the optical spectrum of region C and found Lyα, N V,
C IV, He II and C III] emission lines redshifted to 3.273, as found in images A and B.
No contamination from an object at a different redshift was found in the spectrum of C.
However, the emission-line flux ratios of B and C were not in agreement. Nevertheless,
region C was believed to be consistent with being a lensed image of part of the background
quasar, unlike B which is the lensed image of the whole quasar. The differences in the
emission line ratios could be reconciled if the ionization parameters1 are different.
1The ionization parameter is an indicator of the number of ionizing photons available per atom in a given
medium.
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4.1.4 The Lensed Quasar
In addition to the complex morphology of the lensed images, the nature of the background
source was another puzzle. Since only narrow emission lines are observed from the back-
ground source, Yamada et al. (2001) concluded that it is an obscured AGN. The radio
power of this source is found to be too weak to be a radio-loud quasar at a redshift of
3.273. Moreover, images A and B showed compact emission in the radio and optical.
This is typical of quasars which dominate the emission from their host galaxy whereas
the emission from galaxies is extended. Hence, the background source is referred to as an
obscured radio-quiet quasar. This would classify the source as one of the highest redshift
type II quasars known. Time delay monitoring of the lensed quasar was undertaken with
the VLA for more than a decade. No strong evidence of intrinsic variability was found,
and hence no time delay could be determined for this lens system (Haarsma et al. 2000).
Two low surface brightness emission line regions (A1 and B1) were detected about
3 arcsec north-west and west of A and B respectively (see Fig. 4.5; Schneider et al. 1986).
To avoid any confusion, these are labeled as AL and BL throughout. No radio counterparts
or any continuum emission was found at these positions. Schneider et al. (1987) found
that AL and BL also have a redshift of z = 3.273. Hence, the emission was not from the
foreground. Assuming AL and BL are double images like A and B, then the emission lines
found in AL should have been detected in BL. The Ly-α emission line was detected in AL
but only marginally detected in BL. The difference in their spectra suggested that AL and
BL are not lensed images of the same region of a background source at a redshift of 3.273.
4.1.5 The Lens Environment
The properties of the lens galaxy D were found to be similar to a Brightest Cluster Galaxy
(BCG) at a lower redshift. Therefore, the field was observed in the X-ray to look for a
cluster around the giant elliptical D. The associated cluster was regarded as dark since no
optical/infrared emission was found from the cluster (e.g., Schneider et al. 1985). Obser-
vations with the Advanced Satellite for Cosmology and Astrophysics (ASCA) indicated
diffuse X-ray emission from the lens system associated with the alleged dark cluster (Hat-
tori et al. 1997). After the launch of Chandra in 1999, Chartas et al. (2001) observed the
lens system with better resolution. The X-ray emission was found to be from the lensed
images (A and B) of the background quasar and discrete sources in the lens field (see
Fig. 4.6). Nevertheless, a 3 σ upper limit on the 2-10 keV luminosity of the cluster was
quoted as 1.7×1044 erg s−1 by Chartas et al. (2001). Furthermore, an upper limit on the
mass from Chartas et al. (2001) and luminosities of galaxies measured by Benı´tez et al.
(1999, see below) were used to derive an upper limit on the mass-to-light ratio of the
cluster. The limit was placed within a radius of 800 h−150 kpc of M/LV < 190h50(M/LV)⊙.
It is consistent with being an average to low mass cluster in comparison with low redshift
massive clusters and studies of several groups/clusters (Hoekstra et al. 2002; Girardi et
al. 2002). The absence of diffuse emission in the Chandra observations might indicate
that the cluster of galaxies is not virialized yet. Furthermore, deep optical and infrared
observations by Benı´tez et al. (1999) found a red sequence of galaxies and Soucail et al.
(2001) spectroscopically confirmed an over-density of six galaxies at the redshift of the
lens. It was noted that none of the X-ray point source positions of Chartas et al. (2001)
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Figure 4.6: Left: An 8’×8’ field around MG 2016+112 in the X-ray shows several point
sources but no clear diffuse emission from the cluster. The inner red circle (size ∼ 1′)
and outer red circle (size ∼ 3′) were inspected with ROSAT HRI and ASCA, respectively.
Right: Emission from the individual components A, B and C is weak but detected by the
Chandra X-ray Observatory (Chartas et al. 2001).
matched with the optical positions of Soucail et al. (2001). Clowe et al. (2001) found an
over-density of ten galaxies in the lens plane within ∼ 53′′ of MG 2016+112 based on
photometric estimates from Keck imaging. Another group of fainter objects about ∼ 6.3′′
to the north-west of the lens was also found. Note that this nearly overlaps with the po-
sition of the Lyα emission region BL. A weak lensing analysis of the field indicated a
3 σ signal about 64′′ to the north-west of the lensing galaxy. This weak lensing signal
was consistent with a singular isothermal sphere mass model with a velocity dispersion
σ = 970 km s−1. However, due to obscuration from the stars in the field of the peak of the
weak lensing signal, it was not possible to detect any galaxies there with certainty.
In the HST H band image, three nearby galaxies are found G1, G2 and G3. The dwarf
galaxy G1 to the south-west of MG 2016+112 (see Fig. 4.3) is known to have the same
redshift as the primary lens D (Koopmans & Treu 2002a) whereas no redshifts are known
for the two line-of-sight nearby galaxies G2 and G3.
4.1.6 History of Mass Models
Over a period of a quarter century several interesting models for this lens system were put
forward. These models are summarised in this section.
Following the discovery of the lens system, Narasimha et al. (1984) presented two
possible mass models a) a galaxy at the position of C and a cluster or b) a galaxy at the
position of C and another galaxy at a different redshift. Based on further observational
results a new model was made by Narasimha et al. (1987). The model consisted of two
lensing galaxies C and D and a cluster at the same redshift. MG 2016+112 was described
as a five image lens system (A, B, two images in C and one near D).
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Since no cluster was detected in the optical, the model of Narasimha & Chitre (1989)
included a dark matter halo instead of a cluster and the lens galaxies at D and C. The
constraints were A, B, C′, AL and BL as the lensed images of the background source.
The background source was assumed to have a finite size (i.e. not point-like) such that it
lies on the caustic (see Fig. 4.7). The mass model predicted that A and B are the double
images of the core of the background source whereas a pair of merging images with a high
magnification in the tangential direction are formed at the position of C. Furthermore,
regions AL and BL were shown to be singly imaged and correspond to different regions in
the background source.
B
L
A
L
Figure 4.7: The image configuration in the image plane and the source configuration in
the source plane both show the position of the lensing galaxies D and C. Zm from the
image plane maps back to Zs in the source plane. The dotted lines are the critical curves
in the image plane which map to the caustics in the source plane. The singly imaged AL
and BL map to the two elliptical rings in the source plane. Note that the convention is
North is up and east is right (Narasimha & Chitre 1989).
Langston et al. (1991) used a single screen with a single elliptical lens D in the mass
model. All components (A, B and C) seen in radio (3.6 cm) and in K band data were
associated with the background quasar and explained qualitatively by the model. Region
C was predicted to show an east-west extended flat-spectrum structure and a central com-
pact steep-spectrum component. Nair & Garrett (1997) discussed two models with two
lenses, C and D, in two lensing planes and dark matter halo(s). However, note that these
models are not determined from a fit to the observational data. Spectral analysis and/or
time delay measurements would confirm either of the models.
Similar to the scenario proposed by Narasimha & Chitre (1989), a recent model by
Koopmans et al. (2002b, hereafter K02) described MG 2016+112 as a quadruply imaged
lens system. However, a single screen consisting of the primary lens D, two singular
isothermal sphere (SIS) mass distributions and an external shear was considered instead
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Figure 4.8: The dashed lines show the time-delay surface countours for MG 2016+112 in
the image plane. The ellipse with a cross marks the primary lens D. The thick solid curve
shows the critical curve in the image plane. The corresponding caustics in the source
plane can be seen in the inset in the top-right corner. A star marks the position of the
source in the caustic. On the right, the cartoon shows the source structure lying on the
tangential caustic (Koopmans et al. 2002b). see text for details.
of multiple lens planes. According to the K02 scenario, the background source with
a core-jet structure is situated on the tangential caustic, see Fig. 4.8. As known from
lensing theory, the number of images changes by two as the source crosses the caustic
(see section 1.2.5). The two compact components in the radio are doubly imaged which
are visible in images A and B. The optical core is coincident with one of the two radio
components and is also doubly imaged (see Fig. 4.3), whereas part of the radio counter-jet
and the host galaxy to the right of the caustic are quadruply imaged. Thus, only this part
of the counter-jet close to the caustic is highly magnified and constitutes the complete
∼ 200 mas long region C in the radio. Images close to the critical curve are known to have
high magnification but the K02 model predicts an unusually high magnification (∼ 300)
in region C. Similarly, the emission from the host galaxy is found in the infrared in the
form of a tangentially magnified arc as expected in lensing.
An important point that needs to be discussed here is the asymmetry in the separations
of the merging pair of components found in region C. This anomaly is believed to be due
to a dwarf galaxy G1 to the south of C (Kochanek et al. 2004). Chen et al. (2007) have
made a mass model which takes into account the satellite G1. The model suggested a
velocity dispersion for the satellite of ∼ 95 km s−1 at 95 per cent confidence.
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4.2 New Observations in the Radio
Radio observations of MG 2016+112 are presented in this section. These include simul-
taneous MERLIN and global VLBI observations of MG 2016+112 at both 1.7 and 5 GHz,
and with the High Sensitivity Array (HSA) at 8.4 GHz.
4.2.1 MERLIN Observations
The MERLIN array was used to observe MG 2016+112 simultaneously with the global
VLBI observations at 1.7 and 5 GHz. The purpose was to have a double check on the
calibration of the global experiment and to be aware of any loss of flux in the global
VLBI observations. The observations were scheduled on 2002 February 25 at 1.7 GHz
and on 2001 November 17 at 5 GHz. Both of the experiments had the same observational
setup. The data were taken in a single IF of 15 MHz bandwidth and subdivided into 15
channels. The flux calibrator (3C 286) and the point source calibrator (2134+004) were
observed for a few minutes (one-two scans). The observations nodded between the lens
system (MG 2016+112) and the phase calibrator (B2029+121). Further observational
details can be found in Table 4.1.
Table 4.1: Details of the observation scans
Type of Total observation Integration Scan length (min)
experiment time (hrs) time (s) Target Phase calibrator
MERLIN
1.7 GHz 14 8 3.7 1.7
5 GHz 14 8 3.7 0.8
VLBI
1.7 GHz 17 2 4.5 2.4
5 GHz 17 1 4.5 1.5
Using the standard MERLIN data reduction program, the data were corrected for any
non-closing errors and the amplitude calibration was performed. At 1.7 GHz, the ampli-
tude on the Mk II telescope baselines was down on a few scans and on a few others the
Lovell Telescope was off-source. These scans were deleted from the data. The 5 GHz
data generally looked good. With the phase referencing technique, the fringe fitting solu-
tions determined for B2029+121 were applied to calibrate the phase information on MG
2016+112. Several iterative runs of the aips task calib were performed to determine the
phase and amplitude solutions. These solutions were interpolated using the task clcal
and were applied to the lens system. A phase referenced map was made, subsequently.
Using the phase-referenced map as an initial model, phase self-calibration was performed
on the lens system. The resulting map was used as a model for a new iteration of cali-
bration of the data and the cycle was repeated until the final map showed no significant
improvement.
Fig. 4.9 shows the maps of lensed images of MG 2016+112 at 1.7 and 5 GHz. The
weighting of the uv-data can be chosen between natural and uniform to give either better
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Figure 4.9: Left: The MERLIN image at 1.7 GHz of MG 2016+112 shows three lensed
components. A and B are compact and C is slightly extended in the east-west direction.
The map is restored with a beam of size 0.21×0.13 arcsec2. Right: The higher resolution
5 GHz MERLIN image shows that components A and B are still compact but component
C has resolved into a brighter extended component C1 and a compact component C2.
The map is restored with a beam of size 70.7×43.5 mas2. The noise in the maps are
0.27 mJy beam−1 at 1.7 GHz and 0.18 mJy beam−1 at 5 GHz. The contour levels are at
(-3, 3, 6, 12, 24, 48) × the rms noise in the respective maps.
Table 4.2: MERLIN components of MG 2016+112 at 1.7 GHz. The ‘–’ implies that the
integrated flux density could not be determined.
Components RA Dec Speak Stotal
(mas) (mas) mJy beam−1 mJy
A 0±0.5 0±0.5 34.6±0.3 34.9±0.5
B −3005.8±0.5 −1503.9±0.5 34.8±0.3 35.6±0.5
C1a −2045.4±0.9 −3246.2±0.9 13.4±0.3 –
C1b −2093.8±1.4 −3221.5±1.4 42.9±0.3 62.8±0.6
4.2 New Observations in the Radio
Table 4.3: MERLIN components of MG 2016+112 at 5 GHz.
Components RA Dec Speak Stotal
(mas) (mas) mJy beam−1 mJy
A 0.0±0.5 0.0±0.5 11.7±0.2 12.1±0.3
B −3003.2±0.5 −1502.0±0.5 13.1±0.2 13.1±0.3
C1a −2048.3±0.5 −3230.5±0.5 15.4±0.2 20.0±0.4
C1b −2090.8±0.5 −3225.6±0.5 13.1±0.2 13.2±0.3
C2 −2171.5±1.5 −3212.8±1.5 3.1±0.2 3.0±0.3
resolution or sensitivity at the cost of the other. It is possible however, to optimize the
weighting by setting the parameter robust to 0. Gaussian model fitting of the components
in the image plane was done with the task jmfit. The results are presented in Tables 4.2
and 4.3. Lensed images A and B are found to be compact, and were fitted by a single
Gaussian at both frequencies. The slightly extended component C was fitted with two
Gaussian components at 1.7 GHz and with three at 5 GHz. Note that the components
of C1 that were detected at 1.7 and 5 GHz may not be the same. These components
are identified by comparing the model fitting of the high resolution VLBI images (see
Section 4.2.2). The relative flux densities of components B, C1 (C1a+C1b) and C2 with
respect to A for the MERLIN 5 GHz imaging are consistent with previous measurements
by Garrett et al. (1994a). However, the absolute flux densities of the lensed images in the
new observations are less by 23 per cent which might be due to errors in the amplitude
calibration of either the previous or new data sets.
4.2.2 Global VLBI Observations
The earlier 1.7 GHz EVN observations revealed fine structure in region C. Also, the pre-
dictions of the spectra of the components in region C (Garrett et al. 1996) could be verified
with a high resolution spectral analysis. This would also rule out some mass models which
have different predictions for the spectra of the components in region C. Therefore, high
resolution global VLBI observations were undertaken at 1.7 and 5 GHz on 2002 February
25 and 2001 November 17, respectively.
Since MG 2016+112 has a low flux density, phase referenced observations are vital
in determining the phase corrections on all baselines. A strong source within 2 deg of the
lens system (e.g., B2029+121 with a total flux density ∼ 0.9 Jy), was used as the phase
calibrator for these observations. Therefore, the antennas had to nod between the lens
system and the phase calibrator regularly throughout the observing run. The scan lengths
for each observation of the target (MG 2016+112) and the calibrator (B2029+121), the
correlator integration time and the total time of the observations are listed in Table 4.1.
The data were taken in four IFs at 1.7 GHz and in two IFs at 5 GHz. Each IF had a
bandwidth of 8 MHz and was further divided into 16 channels.
The antennas used for the 1.7 GHz observations were Effelsberg (EB), Jodrell Bank
(JB), Medicina (MC), Onsala (ON), Torun (TR) and the 10 antennas of the VLBA. In ad-
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Figure 4.10: A few scans on four baselines before and after editing the data on the phase
calibrator are shown. The first few seconds on every scan were deleted.
dition, the phased VLA (Y) and the 70 m dishes of Robledo and Goldstone were included
for better sensitivity. Unfortunately, the data on the tapes were lost for Arecibo (AR) and
Westerbork (WB) at the VLBA correlator. At 5 GHz, all of the VLBA antennas and EB,
JB, MC, ON, TR, AR, Y and WB were used.
Editing
At 1.7 GHz the amplitudes of the data on the phase calibrator were edited prior to the
calibration to remove any obvious bad scans or baselines with bad data. For example, all
of the scans on all of the baselines were found to have bad data in the first few seconds for
the phase calibrator B2029+121 (see Fig. 4.10). This was probably due to the antennas
not being on-source at the beginning of the scans. It was difficult to deduce if this had
also affected the lens system because it has low SNR as compared to the calibrator and
complicated structure, due to which the data appears noise-like. Therefore, the task quack
was used to delete the first 0.25 mins of all of the scans on the calibrator.
Calibration
There were some errors introduced in the signal amplitude during the digitization of the
measured signal. The correction factors for these errors can be determined by checking
the mean value of the auto-correlated signal and adjusting these to unity. The cross-
correlated data were corrected for these errors using the task accor in the multi-frequency
observations presented here. The data were also corrected for the change in the parallactic
angle with the task clcor. This was done to account for the apparent change in the position
angle of the source as the source moves across the sky for an antenna with an altitude-
azimuth mount. After the data were corrected for the change in the parallactic angle, the a
priori amplitude calibration was performed. To determine the system temperature of the
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phased VLA during the observations, the amplitude level of the phase calibrator was set
to the known values obtained from the list of calibrators at different frequencies. The task
antab was used to generate the system temperature and the gain values for each antenna.
The data for the calibrator were fringe fitted on the longest scan to determine the
phase, delay and rate solutions for a single IF initially, and then for all of the IFs combined,
which were then applied to the whole data. Using the aips task split, the large data set was
divided into single source files to carry out self-calibration. The weights associated with
the data were calibrated. Since averaging the data across the bandwidth can degrade the
fidelity of the map features, the data channels were not averaged during splitting, in spite
of the large number of visibilities. The phase calibrator was mapped by performing phase
self-calibration and then both phase and amplitude calibration. The phase and amplitude
corrections from the best calibrated map of B2029+121 were applied to the target MG
2016+112. Subsequently, the data on the lens system were phase self-calibrated with
data integrated over a 3 and 2 min long solution interval for 1.7 and 5 GHz data sets,
respectively.
Imaging
When mapping sources in a wide field (e.g., a few arcseconds wide with a resolution of
sub-milliarcsecond), the target sources within the field can have a large spatial separa-
tion. In order to save the computing time of mapping a single wide field, multiple small
fields centred on the target sources were mapped. Thus, three windows centred at the
position of A, B and region C were cleaned while mapping MG 2016+112. To get the
optimum combination of resolution and sensitivity, the weighting scheme in the maps is
chosen between uniform and natural by setting the parameter robust to 0. At 1.7 GHz,
the weighting was chosen to produce an optimal balance between resolution and sensitiv-
ity, whereas at 5 GHz the resolution was good enough, so only the sensitivity had to be
up-weighted, hence, natural weighting was applied.
The lensed images A and B
Fig. 4.11 shows lensed images A and B, and the pair of merging images in C at 1.7 GHz.
From the high resolution observations, images A and B both show a rich structure. The
series of components in A and B are non-collinear. As known from gravitational lensing,
such non-collinear structure in the lensed images can show the expected opposite parity.
This is clearly demonstrated by the opposite curvature in the strings of components of A
and B. In the earlier EVN 5 GHz observations (Koopmans et al. 2002b), images A and
B showed two components each with some hint of structure (see Fig. 4.2). Since compo-
nents A1-B1 and A2-B2 are compact and have high flux densities, these were detected in
the earlier EVN 5 GHz observations.
In the new global VLBI 1.7 GHz data presented here, images A and B are found to
have three and two new components, respectively. Model fitting of the images was carried
out using Powell’s minimization routine outside AIPS (kindly provided by S. More, see
Appendix B) and the results are given in Table 4.4. All of the components are numbered
in decreasing order of their total intensity. Image A is fitted with five Gaussian compo-
nents and image B is fitted with only four Gaussian components. Since image B is the
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Figure 4.11: The global VLBI images of lensed images A and B, and region C at
1.7 GHz with a weighting between uniform and natural. The rms noise in the maps is
0.08 mJy beam−1 and the contours are (-3, 3, 6, 12, 24, 48) × the rms noise in the map.
The size of the restoring beam is 11.1×2.6 mas2 and the position angle is −10.58 deg.
counterpart of image A with a relative magnification ∼ 1, image B is also expected to have
five components. The component B3+B2 is identified as the composite of the unresolved
components B3 and B2. Furthermore, if B3 has a higher peak flux density than B2 (like
its counterpart A3 in image A), then the peak position of B3+B2 will be closer to the peak
position of B3. It is also noted from the comparison of fitted components of images A and
B that the fitted components of image B do not represent the counterparts of image A.
Fig. 4.12 shows the high resolution global VLBI images at 5 GHz. Image A clearly
shows the five components which were not well-resolved at 1.7 GHz. Here, image B
also shows the expected five-component structure. Component 2 in images A and B
has a higher surface brightness than component 3, whereas at 1.7 GHz, component 3
has a higher surface brightness than component 2 in image A. The model fitting was
again carried out with Powell’s minimization routine. Images A and B are fitted with
five components each. The results of fitting Gaussian model components are presented in
Table 4.5. The errors at all of the frequencies were determined based on the principles
described in Fomalont (1999, see Appendix C).
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Figure 4.12: The global VLBI images of lensed images A and B, and region C at 5 GHz
with natural weighting applied. The rms noise in the maps is 0.06 mJy beam−1 and the
contours are (-4, 4, 8, 16, 32) times the rms noise in the map. The size of the restoring
beam is 3.7×1.2 mas2 and the position angle is −7.54 deg.
New Nomenclature for components of region C
The pair of merging images in region C are referred to as C1 (the east pair) and C2 (the
west pair) (see Fig. 4.12 at 5 GHz). The components have been numbered ascendingly
going inwards from the outside. The outer components are labelled as C11 and C21 for
the east and west pair, respectively. The elongated components are labelled as C12 and
C22, which are further resolved into several components. Each of these components are
labelled as a, b, c etc. going inwards from the outside, for example, C12a, C12b, etc. in
C1 and C22a, C22b, etc. in C2. Note that this labeling convention is different from that
used in Garrett et al. (1996).
Region C
Region C was previously known to have four components and all of these were detected
in the 1.7 GHz imaging (see Fig. 4.11). The outer two components on either side (C11
and C21) are fitted with two Gaussian model components each. However, due to the
low resolution and low SNR, these are identified as a single component each, and their
centroid (flux-density weighted) positions are reported here. The inner pair of elongated
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Figure 4.13: A multi-component Gaussian fit to the component C12 at 5 GHz in the
image plane. Model fitting is done using Powell’s minimization routine outside of AIPS
(see Appendix B). The z−axes shows surface brightness in mJy beam −1. The results of
the fit are presented in Table 4.5.
components were each fitted by three Gaussian model components. The peak positions,
the peak flux densities and the total intensities from the Gaussian model fitting are given
in Table 4.4. Note that the components a, b and c found in component C12 may not be the
counterparts of C22 for three reasons. Firstly, these components are not well-resolved.
Secondly, if these are a pair of merging images straddling the critical curve, then the
magnification gradient is rapidly changing on either sides of the critical curve. Ideally, it
should change similarly on either sides. However, practically, this may not be observed.
Thirdly, the ratio of component separations of the west pair C2 (C21-C22) and east pair
C1 (C11-C12) is asymmetric indicating different stretching on either sides. It is likely that
the dwarf G1 is distorting the expected mirror symmetry in the merging images. Hence,
its contribution to the mass model will be tested in section 4.3
At 5 GHz in region C of Fig. 4.12, all of the four components are detected, and are
further resolved in some cases. Therefore, centroid positions were determined for most
of the components by fitting multiple Gaussian components. Here, component C11 is
fitted with one Gaussian. C12 was modeled with six Gaussian components which are
shown in Fig. 4.13. The surface brightness distribution from the image is plotted in red
and the Gaussian model components are plotted in green. The six surface plots below
show the individual model fits of 6 components to the observed surface brightness distri-
bution. C22 was fitted with seven Gaussian components, similarly. The component C21
is extended, and hence, fitted with three unresolved components. Three centroid positions
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Figure 4.14: The HSA images of A, B and region C at 8.4 GHz with a weighting between
uniform and natural. The rms noise in the maps is 33 µJy beam−1 and the contours are
(−3, 3, 6, 12, 24, 48) times the rms noise in the map. The size of the restoring beam is
1.9×0.7 mas2 and the position angle is −7.02 deg.
were determined for each of the elongated components C12 and C22, and one centroid
position for C21. The peak positions, flux densities and total intensities for A and B are
presented in Table 4.5. For region C, the centroid positions with 1 mas uncertainties, peak
flux densities and the total flux densities are also given in Table 4.5.
4.2.3 High sensitivity Array (HSA) Observations
Further high resolution observations at 8.4 GHz were needed to independently confirm
the series of components detected in the lensed images at 5 GHz, and to better determine
the spectra of lensed images A and B. Since the background quasar has a steeply falling
spectrum, observations at a higher frequency demanded increased sensitivity. Moreover,
to carry out a spectral analysis of the finely resolved structure, high frequency and high
resolution imaging was needed. Therefore, MG 2016+112 was observed with the HSA
at 8.4 GHz. The HSA included the following large antennas: the 305 m-Arecibo (Ar),
100 m-Effelsberg (Eb), 100 m-Green Bank Telescope (GBT) and phased VLA (Y), in
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Table 4.4: Peak positions, peak and total flux densities of components of A, B and C at
1.7 GHz for the global VLBI observations.
Components RA Dec Speak Stotal
(mas) (mas) mJy beam−1 mJy
A1 0.00±0.02 0.00±0.02 19.7±1.6 24.3±2.5
A2 −12.2±0.1 4.5±0.1 2.4±0.5 2.8±0.7
A3 −8.6±0.1 3.8±0.1 3.5±0.6 4.5±0.9
A4 6.2±0.1 −3.8±0.1 4.1±0.6 6.5±1.2
A5 −18.0±0.3 5.5±0.3 1.1±0.3 1.7±0.6
B1 −3005.74±0.02 −1503.63±0.02 11.5±0.1 10.9±1.6
B3+B2 −3011.0±0.1 −1498.0±0.1 3.1±0.6 2.9±0.8
B4 −3004.5±0.1 −1502.6±0.1 8.5±1.0 21.9±2.8
B5 −3012.5±0.2 −1495.9±0.2 2.5±0.5 4.2±1.0
c11 −2013.6±0.2 −3233.3±0.2 2.1±0.4 11.6±2.3
c12a −2045.4±0.1 −3229.9±0.1 4.1±0.6 15.8±2.4
c12b −2053.2±0.3 −3228.7±0.3 1.5±0.4 4.6±1.2
c12c −2061.0±0.3 −3228.2±0.3 1.5±0.4 5.7±1.4
c21 −2178.8±0.1 −3209.6±0.1 4.9±0.7 18.4±2.1
c22a −2098.3±0.2 −3221.3±0.2 1.7±0.4 7.2±1.7
c22b −2092.2±0.3 −3223.9±0.3 3.1±0.5 17.5±3.0
c22c −2083.5±0.6 −3227.3±0.6 0.8±0.3 3.3±1.2
addition to the 10 VLBA antennas.
The observations were made on 2006 April 30 and lasted for about 7.5 hrs. The right
hand and left hand circular polarization data were recorded together in four IFs, each
with 8 MHz bandwidth and 16 channels. No cross polarization was performed. The
data were correlated with the VLBA correlator using an integration time of 1 s to reduce
time averaged smearing. Arecibo had a power failure and problems with software which
allowed observations for only 1.5 hr from the 3 hr window available on-source. The data
were reduced by following a similar technique to that used to reduce the global 1.7 and
5 GHz data. The images were weighted to obtain an optimum combination of sensitivity
and resolution in the maps.
The images of A, B and region C are shown in Fig. 4.14. The HSA imaging at 8.4 GHz
confirmed the detection of 3 new components in A and B in addition to the two compo-
nents known from the earlier observations. The model fitting of the images A and B was
done using the aips task jmfit. A and B were both fitted with 5 Gaussian components
each. The lensed images of MG 2016+112 are weak at 8.4 GHz (mJy level). Hence, the
measured flux densities of the faint components 4 and 5 in images A and B are not robust.
Moreover, the pair of merging images in C have a low SNR. The total flux densities of
these components were therefore measured by integrating the flux densities of the pixels
above 3 σ confidence (where σ is the rms map noise). The positions of these components
were found from the peak flux density positions. The peak flux densities, total intensities
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Table 4.5: Peak positions, peak and total flux densities of components of A, B and C
at 5 GHz for the global VLBI observations. For the C region except C11, the centroids
positions and the total flux densities are given.
Components RA Dec Speak Stotal
(mas) (mas) mJy beam−1 mJy
A1 0.00±0.02 0.00±0.02 4.4±0.6 6.5±1.0
A2 −12.20±0.02 4.44±0.02 3.3±0.5 3.6±0.7
A3 −8.5±0.1 3.7±0.1 0.8±0.2 1.8±0.6
A4 6.6±0.1 −3.7±0.1 0.6±0.2 0.9±0.4
A5 −17.4±0.3 5.7±0.3 0.4±0.2 1.6±0.7
B1 −3005.95±0.02 −1503.94±0.02 4.9±0.6 7.1±1.1
B2 −3012.48±0.02 −1497.20±0.02 3.2±0.5 3.0±0.6
B3 −3011.5±0.1 −1499.4±0.1 1.0±0.3 2.2±0.6
B4 −3002.0±0.1 −1505.7±0.2 0.7±0.2 1.5±0.5
B5 −3015.1±0.2 −1492.7±0.2 0.4±0.2 0.7±0.3
c11 −2012.3±0.2 −3234.2±0.2 0.8±0.2 4.7±1.4
c12a −2043.8±1.0 −3231.0±1.0 1.5±0.3 4.8±1.1
c12b −2049.1±1.0 −3230.3±1.0 1.7±0.3 9.1±0.3
c12c −2056.3±1.0 −3229.6±1.0 0.7±0.2 4.6±1.1
c21 −2179.4±0.1 −3210.4±0.1 0.9±0.2 5.2±1.0
c22a −2097.6±1.0 −3210.4±1.0 1.3±0.3 8.0±1.4
c22b −2091.3±1.0 −3224.9±1.0 1.5±0.3 7.3±1.3
c22c −2086.2±1.0 −3225.5±1.0 0.9±0.2 5.0±0.9
and the peak positions of the components are presented in Table 4.6. The errors were
determined using the same method as before.
Fifth lensed image
To estimate an upper limit on the flux density of a possible fifth image located in the
vicinity of the lensing galaxy D, a fourth sub-field was mapped along with the sub-fields
centred on images A, B and C. The sub-field centred on the primary lens D at 1.7, 5
and 8.4 GHz was cleaned using the task imagr. The sizes of the fields mapped were
0.51′′ × 0.51′′ at 1.7 GHz, 0.3′′ × 0.3′′ at 5 GHz and a field of size 0.2′′ × 0.2′′ at 8.4 GHz
(e.g., see Fig. 4.15). The fields were naturally weighted in order to achieve maximum
sensitivity. However, no radio emission from a fifth component or from the lensing galaxy
was found. The flux density limits (5σ-level) are 0.41, 0.18 and 0.10 mJy beam−1 at 1.7,
5 and 8.4 GHz, respectively. From the models with small constant-density core radius
highly demagnified images are predicted (Narasimha et al. 1986). Thus, the fifth lensed
image is not expected to be detected in the observations presented here.
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Table 4.6: Peak positions, peak and total flux densities of components of A, B and C at
8.4 GHz for the global VLBI observations.
Components RA Dec Speak Stotal
(mas) (mas) mJy beam−1 mJy
A1 0.0±0.1 0.0±0.1 1.6±0.1 2.6±0.1
A2 −12.3±0.1 4.5±0.1 0.9±0.1 1.4±0.1
A3 −8.8±0.1 3.9±0.1 0.3±0.1 0.5±0.1
A4 6.4±0.4 −3.7±0.4 0.2±0.1 0.3±0.1
A5 −17.9±0.2 5.3±0.2 0.1±0.1 0.1±0.1
B1 −3005.5±0.1 −1503.7±0.1 1.7±0.1 2.8±0.1
B2 −3012.1±0.1 −1497.0±0.1 1.4±0.1 1.8±0.1
B3 −3010.6±0.4 −1500.3±0.4 0.4±0.1 0.6±0.1
B4 −3001.5±0.2 −1505.9±0.2 0.1±0.1 0.3±0.1
B5 −3014.6±0.2 −1492.5±0.2 0.2±0.1 0.3±0.1
c11 −2012.3±0.3 −3233.3±0.3 0.2±0.1 0.4±0.1
c12 −2047.8±0.3 −3229.6±0.3 0.6±0.1 7.5±0.7
c21 −2177.8±0.5 −3209.9±0.5 0.2±0.1 1.2±0.3
c22 −2092.8±0.3 −3223.7±0.3 0.5±0.1 8.5±1.0
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Figure 4.15: The field of view at 8.4 GHz centred on the position of galaxy D taken from
the optical data.
4.3 Mass Models
In this section, various mass models for the lens potential of MG 2016+112 are tested with
increasing complexity. Given the large number of observational constraints and the un-74
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certainty of the region C components, different combinations of observational constraints
are also tested. The aim is to find the simplest scenario for the mass distribution and the
background source that will fit the positions of the five radio components observed in im-
ages A and B, the flux density ratio of (at least) component A1 and B1, and the positions
of the four components in region C. Firstly, the predictions of the K02 mass model are
tested for its consistency with the new observations. Next, two-galaxy mass models are
studied which take into account all of the observed constraints and the dwarf companion
to the lens. Lastly, three-galaxy models are also tested and the predictions of various mass
models are further discussed.
4.3.1 The K02 Mass Model
The multi-frequency high resolution observations were conducted with the aim of testing
the K02 mass model. As a sanity check, the K02 mass model was first reconstructed from
the K02 constraints. In Koopmans et al. 2002b, the source component 2 was shown to be
situated on a caustic (see Fig. 4.8). The positions of A1-B1 as doubly imaged and A2-B2-
C12b-C22b as quadruply imaged components along with the flux density ratio (SB/SA)
were used. The mass model consisted of the main galaxy D (SIE), a mass distribution M1
(SIS) which contributes to the convergence coming from the environment as detected in
the weak lensing analysis of Clowe et al. (2001), and a mass distribution M2 (SIS) due
to another physically nearby over-density of galaxies found spectroscopically by Soucail
et al. (2001). The reconstructed K02 mass model could reasonably reproduce the K02 data
constraints with gravlens. Note that the K02 constraints did not include the outermost pair
of components (C11 and C21). Hence, the astrometric anomaly issue was not addressed
in K02.
In light of the rich core-jet structure found in the high resolution observations pre-
sented in this chapter, the reconstructed mass model of K02 was used to predict all of
the lensed counterparts of the newly found components in images A and B using 5 GHz
data from Table 4.5. Fig. 4.16 shows the observed and predicted image positions for all
components in A, B and C. Here, components 3, 4 and 5 of image A were used to predict
the positions of their counterparts. Components 4, 1, 3 and part of 2 are doubly imaged
whereas component 5 and part of component 2 (c, o and e) are quadruply imaged. The
labels c, o and e correspond to the merging pair of components C11-C21, C12a-C22a and
C12b-C22b respectively2.
Component 5 is predicted to have four images which are referred as A5, B5, C1-5
and C2-5. C1-5 and C2-5 have opposite parity and are predicted to be about 100 mas on
either side of region C. Their magnification relative to A5 (or B5)3 is larger by a factor of
∼ 10. In gravitational lensing, the surface brightness of the lensed images is conserved.
Therefore, the quadruple counterparts of A5 and B5 are expected to be 10 times larger in
solid angle.
At 1.7 GHz, the flux densities of the components are higher than at other frequencies
and the resolution of the global VLBI observations can be lowered enough such that
2The labels c, o and e have no significance and are merely used for labeling convenience
3Since the flux density ratio of image A and B is ∼ 1 and the same is almost true between C1 and
C2, the components of A and C2 will be taken as the representative components in the discussion about
magnification for the sake of simplicity.
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Figure 4.16: All of the counterparts of components of lensed image A and those of C1 as
predicted by the K02 mass model. The inset in the panel ‘S’ shows the source positions
on the tangential caustic which is magnified and shown in the panel. The labels in black
are observed positions and those in magenta are predicted by the model. Note that the
scales are different in each panel.
a component ten times larger than for example, A5 should be detected. However, no
such components were detected close to the expected positions of the third (C1-5) and
fourth (C2-5) counterparts. To be certain that these observations were capable of detecting
these components, fake Gaussian components with a total flux density of 10 mJy and size
0.01×0.01 arcsec2 were introduced in the uv-data at the model predicted positions of C1-5
and C2-5. Using the modified uv-data set, new maps were made. It was found that the
sensitivity of these data were not sufficient to detect C1-5 and C2-5.
The MERLIN 5 GHz observations did have the right resolution and sensitivity to
detect the expected components in region C. The panel on the left of Fig. 4.17 shows the
map of the real data at 5 GHz with the C region showing the known four components
without any sign of C1-5 (or C2-5) components. Here too, the fake Gaussian components
test was performed as before. Fig. 4.17 (right) shows the same observations with the
fake components inserted. The reproduced fake components can be seen on either side
of the C region. The non-detection of component 5 in the C region in the real MERLIN
data indicates either that component 5 is not quadruply imaged and the K02 scenario is
incorrect, or that the relative magnification of component 5 in region C is lower than what
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Figure 4.17: MERLIN 5 GHz images restored with a beam of size 0.07×0.05 arcsec2. The
image on the left shows A, B and C with no sign of the new components in the vicinity of
region C. When fake components with a surface brightness as predicted from the model,
are inserted in the uv-data, then these components could be recovered in the image.
is predicted, and the K02 scenarios needs to be modified to take this into account.
It is noted, that irrespective of the newly found discrepancy of the component 5 pre-
dictions with the K02 mass model, the K02 mass model was originally not complete since
it did not fit the positions of the outer components (C11 and C21) on either side of region
C.
4.3.2 Constraints and Priors
The constraints on the positions of the lensed images are taken from the new high res-
olution VLBI data at 5 GHz (see Table 4.5). The mass models are not sensitive to an
astrometric shift of the components which are . 1 mas. Thus, the astrometric uncertain-
ties of all of the components are chosen to be 1 mas in spite of the higher precision of the
observations (except see section 4.3.3). For all of the mass models, the flux density ratio
(SB1/SA1) of component 1 is constrained to 1.09±0.22 from Table 4.5.
The lensed images A and B show opposite parity and the same five components.
Therefore, all of the five components are at least doubly imaged. The components in
region C appear to consist of two opposite parity merging images with each showing a
pair of compact and extended source components. The emission line spectra of region C
indicate the same redshift as that of A and B. Moreover, it is unlikely that the components
of region C correspond to a physically distinct source from the lensed quasar, which hap-
pen to lie close together to give the expected four-image configuration of a single object.
Hence, region C is almost certainly related to the same background source, but it is not
clear to which part of the components in A (or B) or anything that is unseen in A (or B).
Since the main lensing galaxy D and the other line-of-sight nearby galaxies are de-
tected in the optical, their positions, measured with respect to the compact optical com-
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Figure 4.18: Various scenarios A, B, C and D (from left) to test the high-resolution struc-
ture observed in the lensed images.
ponent A, are taken from the CASTLES lens database. These positions also provide
constraints for the mass models. The ellipticity of the galaxy D in the optical is found to
be ∼ 0.43±0.01 with a position angle of −59 deg. Since the galaxy D is a giant elliptical
with a stellar velocity dispersion of ∼ 328 km s−1, it has the largest contribution to the
image splitting and the ellipticity of the halo. Thus, the ellipticity and position angle of
the halo is not expected to be much different from the stellar surface brightness profile
and a prior ∼ 0.43±0.01 was introduced on the ellipticity and the position angle was fixed
to −59 deg for the halo of D. These constraints ensure that the χ2 minimization does not
converge to any unreasonable mass models with an otherwise lower χ2 as compared to a
desired model. For example, mass models of lens systems with both a high ellipticity and
shear and the right combination of their individual position angles are capable of produc-
ing six or eight lensed images as shown in Keeton et al. (2000a). Furthermore, the images
are formed along a semi-circle configuration in such cases. This peculiar configuration
has not been observed amongst the lens systems discovered so far. Since MG 2016+112
shows only four images (A, B, C1 and C2) of the background source such mass models
are not considered.
4.3.3 A Two-Galaxy model
For the two-galaxy mass model, the dominant elliptical galaxy D is chosen as a SIE and
the dwarf galaxy G1, also at the same redshift as D, is chosen as a SIS for all of the scenar-
ios. The angular separations of D and G1 are (−1.740, −1.782) and (−2.499,−4.037) arc-
sec relative to the optical core of A4. The uncertainties on the separations along each
axis are 3 mas for D and 28 mas for G1. Including the dwarf G1 is essential because of
its proximity to the C region which shows the asymmetrically separated pair of opposite
parity features. An external shear is also included in the mass model.
Fig. 4.18 shows different scenarios of the background source straddling the tangential
caustic that are investigated for the two-galaxy model. The four possible scenarios are,
Scenario A - the caustic goes through source component 2, Scenario B - caustic goes
between source components 2 and 5 such that it grazes the source component 5, Scenario
C - the caustic goes through source component 5 and Scenario D - the caustic is situated
beyond the source component 5.
4The optical core is assumed to be coincident with the radio component A2 owing to its flatter spectrum
as compared to the other radio components (see section 4.4.1).
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Figure 4.19: The critical curves (red) and the caustics (green) for the two-galaxy model.
The source S would shift infinitesimally across the caustic for the different scenarios
thereby, changing the image positions and their magnifications slightly.
Scenario A
Constraints: In this scenario, the caustic goes through the source component 2 as was
also the case for the K02 scenario5. The source components 4, 1, 3 and a part of 2
fall in the doubly imaged region, whereas the rest of the part of 2 and component 5 are
quadruply imaged (see Fig. 4.18). The inner components of C (i.e. labels - o and e) are
chosen as the counterparts of A2 and an unseen A2e to the west, respectively, while the
outer components (i.e. label - c) are associated with some unseen component A2c. The
uncertainties for all known components are chosen to be 1 mas, whereas for the unseen
components it is chosen to be 5 mas so that they do not contribute significantly to the χ2.
An exception to this are the uncertainties of the counterparts of component A5 in region
C i.e. C1-5 and C2-5. Their uncertainties are chosen to be very high (i.e. 104 mas) since
their positions might be affected due to the substructure in an unexpected way. A total of
41 constraints exist for this mass model. There are 14 free source positions and four free
parameters, that is, the Einstein radii of the two galaxies, the shear and its position angle.
The degrees of freedom (dof) are 23.
Results/Predictions: The best fitting model has a reduced χ2 ∼ 3.5. The largest contri-
bution to the total χ2 comes from the image positions (χ2 ∼ 60, most of which is from
components of region C) and the second largest is from the galaxy positions (total χ2 ∼
18; most of which is due to the dwarf G1). The model predicted Einstein radii6 of the
galaxies D and E were found to be 1.570 and 0.143 arcsec, respectively. The recovered
ellipticity of D was 0.42. The shear was found to be 10 per cent with a position angle of
−41.5 deg measured East of North. The critical curves and the caustics for the two-galaxy
model can be seen in Fig. 4.19. The observed and fitted image positions are shown in the
5Note that the scenario A and the scenario of K02 are the same. The difference lies in the data con-
straints that were used to make the mass models. Hence, they predict slightly different image positions and
magnifications.
6see section 2.2.4 for the definition of Einstein radius in case of a SIE
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top panel of Fig. 4.20. The relative magnification of the components in region C, with
respect to A2-A2o, is very high. For example, Se/SA2e ∼103 and Sc/SA2c ∼102. Hence, the
counterparts of image C in images A and B are predicted to be 100-1000 times fainter (at
a level of ∼10 µJy) and 10-30 times smaller in size. These counterparts can not be de-
tected with the sensitivity of the observations undertaken at any of the three frequencies
presented here.
Component 5 is predicted to have two images in C which are referred to as C1-5
and C2-5. The predicted flux density ratio is SC2−5/SA5 ∼ 15 and a size that is at least
four times larger than that of A5. Since C1-5 and C2-5 are not detected in the MERLIN
observations, this scenario is ruled out.
Scenario B
Constraints: In this scenario, although the caustic is situated between component 2 and 5,
it is closer to component 5 such that C11-C21-A5-B5 are its four lensed images whereas
the inner elongated pair of components ‘o’ and ‘e’ are associated with unseen components
A5o and A5e to the east of the A5 detected. Thus, components 4, 1, 3 and 2 will be doubly
imaged as shown in the second panel of Fig. 4.18. The number of constraints are 41 and
free parameters remain the same, thereby, giving a dof of 23.
Results/Predictions: Not surprisingly, the reduced χ2 is 3.6 because this scenario is a slight
modification of scenario A and is not expected to modify the global mass model signifi-
cantly. Furthermore, the individual χ2 contributions and the best-fitting model parameters
are also similar. However, the predictions are expected to change here. The positions of
the components in images A and B are fitted within 1 mas except for components 4 and
5, which are fitted within 1.5 mas. The observed and model predicted image positions
are shown in the bottom panel of Fig. 4.20. The relative magnifications of the C com-
ponents with respect to A are predicted to be Se/SA5e ∼103 and Sc/SA5 ∼200. Since the
inner components of C (‘o’ and ‘e’) have very high magnification, their counterparts in
A and B would be unseen which is consistent with the observations. However, the coun-
terparts of components ‘c’ at the position of A5 (or B5) are predicted to be ∼100 times
fainter whereas the observed relative magnification is .10. Due to this inconsistency, this
scenario is not acceptable either.
Scenario C
Constraints: Here, the caustic goes through component 5 such that the inner elongated
pair (‘o-e’) of region C is associated with A5 and an unseen component to the west (A5e)
which are both quadruply imaged. The pair of components (‘c’) is associated with an
unseen component A5c which would lie further to the north-west. Components 4, 1, 3
and 2 are doubly imaged. The total number of constraints and free parameters are the
same as before, hence the dof is 23.
Results/Predictions: The best-fitted model parameters are the same as before. The reduced
χ2 is 3.6 and the individual χ2 contributions are similar to the previous scenarios. The
doubly imaged components 1, 2 and 3 are fitted within the 1 mas uncertainties whereas
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Figure 4.20: In scenario A - components 2-o and 2-e are associated with each other and
scenario B - components 5-c are associated with each other. The labels in black are the
observed positions and those in magenta are predicted by the model. The x- and y-axes
represent relative Right ascension (RA) and relative Declination (Dec). Note that the
separations are in arcsec and the scales are different in each panel.
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component 4 is fitted within 1.5 mas. The counterparts of c, o and e in A (or B) are
predicted within 1.5 mas to the west of the peak position of A5. The relative magnification
of the C region is predicted to be 100-1000 times higher than their counterparts in A5 (or
B5). Therefore, the corresponding components in A and B would have flux densities of
the order 5-50 µJy which is much below the noise level of the global 5 GHz observations.
Moreover, it is certainly not possible to resolve these components which would have sizes
10-30 times smaller. Nevertheless, since these are undetected they are consistent with
our observations. This scenario, although, consistent with the new observations presented
here, may or may not stand true with better observational constraints in the future.
Scenario D
Constraints: In this scenario, the caustic is situated to the west of component 5 such that
components 4, 1, 3, 2 and 5 are all doubly imaged and the components of C are associated
with some undetected components in A and B. The total number of constraints is 45.
There are 16 free source positions and 4 free parameters and hence, the dof is 25.
Results/Predictions: The reduced χ2 for the best-fitting model is ∼ 3.4 and the model pa-
rameters are similar to those given in scenario A. The doubly imaged components 1, 2 and
3 are fitted within their uncertainties (1 mas) whereas components 4 and 5 are fitted within
1.5 mas. The c, o and e components are predicted to have four images. Their counterparts
in A and B are expected to have a relative demagnification of 100-1000 times. Such com-
ponents would not have been detected in the multi-frequency observations presented here.
Therefore, this scenario is also consistent with the observations. In fact, observations that
have 1000 times better sensitivity are needed to test this scenario.
No constraints on the position of the lens mass components
The cluster associated with the main galaxy D is believed to be a proto-cluster which is
not centrally concentrated yet. The conclusion that the cluster is not virialized is inferred
from the absence of any diffuse X-ray emission (Chartas et al. 2001). Therefore, the
optical position of the BCG (galaxy D) may not be coincident with the centre of the
cluster.
Mass models with no constraints on the positions of the lensing galaxy were hence
tested for different scenarios. The following results are described for scenario D. Initially,
the position of the main galaxy D was allowed to be free. The best fitting model shifted
the galaxy D by ∼60 mas to the west. The reduced χ2 of 1.5 was mainly improved by
better fitting the image positions. The total χ2 of the galaxy position has not changed
significantly which arises here solely due to the dwarf G1. The best fitting parameters
are similar to the mass model with the position of D constrained. The Einstein radii are
1.551 and 0.14 arcsec for D and G1, respectively. The fitted ellipticity is 0.43 and the
shear is 11 per cent with a position angle of 41.8 deg. The results of the mass modeling
are summarized in Table 4.7.
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4.3.4 A Three-Galaxy Model
In spite of the high shear (∼ 10 per cent) for the SIE+SIS mass model, the image positions
could not be reproduced satisfactorily. Given the dense environment around the lensing
galaxy and a handful of line-of-sight nearby galaxies, the galaxy G2 (SIS) was added to
the two-galaxy model to account for some effects from the environment. This three-galaxy
model was tested for scenario A.
Scenario A
Constraints: A galaxy G2 which was detected in the optical/infrared imaging at (-5.749,
1.767) arcsec relative to image A, was added to the two-galaxy model in scenario A.
In this scenario, the caustic is situated on component 2. The number of constraints are
therefore 27. However, the number of free parameters increased by one due to the Einstein
radius of the third galaxy, hence the dof reduced to 22.
Results/Predictions: Introducing a third galaxy G2 does not result in any significant
change to either the reduced χ2 (∼ 3.6) or the best-fitted model parameters. The Einstein
radii of D, G1 and G2 of the best-fitting model are 1.565, 0.133, 0.075 arcsec, respec-
tively. The ellipticity of D is 0.42, with its position angle fixed to −59 deg. The shear has
a strength of 9.6 per cent and a position angle −40.5 deg with hardly any improvement
over the two-galaxy model. Note that the K02 mass model, which also has two mass
components that are different from the ones used here, in addition to galaxy D, also finds
a shear of 7−12 per cent with a position angle −51 to −24 deg. As a result, the predicted
image positions and relative magnifications are still of the same order which demand
that the counterpart of component 5 be visible in region C. Since it is not found in the
VLBI/MERLIN observations presented here, the situation in scenario A is not improved
by introducing a third galaxy at the position of G2. The results of the mass modeling are
summarized in Table 4.7.
4.4 Results and Discussion
In this section, the results from the new observations and the new mass models made with
the new constraints are discussed. These results are further compared with the previous
models for the lens system.
4.4.1 The Radio Spectra
The left panel of Fig. 4.21 shows the radio spectra of A, B and C between 1.7 and 8.4 GHz.
Images A and B have similar spectra and flux densities. This is consistent with previous
multi-epoch and multi-frequency observations. The radio spectrum of region C is found
to be flatter relative to images A and B. Furthermore, the flux density of region C is
significantly higher as expected for highly magnified images near the critical curve.
The panel in the middle of Fig. 4.21 shows the spectra of all five of the components
in image A. All of the components have steep spectra between 1.7 and 5 GHz, except
component A2. The spectra of all of the components further steepen between 5 and
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Table 4.7: Results of the mass models and the fitted parameters. The subscripts ‘ip’ and ‘i f ’ denote the χ2 due to the image positions and
flux densities, respectively. The subscript ‘gp’ denotes the χ2 due to the positions of all of the galaxies in a model whereas ‘oth’ denotes the
χ2 contribution from other priors e.g., ellipticity. See text for further details.
Model–Scenario χ2tot χ2ip χ2i f χ2gp χ2oth Model parameters Comments/Status
SIE+SIS+shear
Scen A 81.0 60.0 1.9 18.0 0.3 bD=1.570, PD=(−1.746, −1.777), predicts extra components in region C
eD=0.42, γs= (0.10, 41.5), – not found in data
bG1=0.143 , PG1=(−2.572, −3.972) (Not acceptable)
Scen B 83.4 60.6 1.9 20.8 0.05 bD=1.568, PD=(−1.746, −1.776), relative magnification of component 5
eD=0.43, γs= (0.10, 41.5), component C21–do not match data
bG1=0.146, PG1=(−2.575, −3.976) (Not acceptable)
Scen C 83.5 61.5 1.9 20.0 0.07 bD=1.569, PD=(−1.746, −1.776), relative magnifications are consistent
eD=0.43, γs= (0.10, 41.5), with the data presented here
bG1=0.145, PG1=(−2.573, −3.977) (acceptable − needs further investigation)
Scen D 85.0 62.6 1.9 20.3 0.04 bD=1.569, PD=(−1.746, −1.776), relative magnifications are consistent
eD=0.43, γs= (0.10, 41.5), with the data presented here
bG1=0.146, PG1=(−2.573, −3.979) (acceptable − needs further investigation)
position of 41.0 21.3 3.1 16.3 0.2 bD=1.551, PD=(−1.799, −1.779), An offset of ∼ 60 mas from the optical
Gal D free eD=0.43, γs= (0.11, 41.8), position is significantly large
– Scen D bG1=0.144, PG1=(−2.581, −3.959) (Not acceptable)
SIE+SIS+SIS+shear
Scen A 79.5 59.0 1.9 18.0 0.7 bD=1.551, PD=(−1.799, −1.779), Adding G2 does not improve
eD=0.42, γs= (0.09, 40.5), the model fit to the data
bG1=0.146, PG1=(−2.574, −3.964) (Not acceptable)
bG2=0.075, PG2=(−5.749, 1.767)
4.4 Results and Discussion
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Figure 4.21: Total spectra of A, B and C and the spectra of the five and four components
of A and C, respectively using the global VLBI and HSA observations.
8.4 GHz. Note that component A5 also shows a steep spectrum like the other components
but has larger uncertainties. Since component A2 is flatter than the other components,
with a turnover in the spectrum close to 5 GHz, it is most likely the radio core of the
quasar. Thus, it is doubly imaged similar to the optical core.
The panel on the right of Fig. 4.21 shows the spectra of the four components in region
C. The merging images are expected to belong to the same part of the background quasar
and hence, they should have similar spectra. The components of the inner pair (C12-C22)
show similar spectra and the outer pair (C11-C21) also have similar spectra within the
uncertainties. The inner pair of elongated components of C (C12-C22) have flatter spectra
than the outer pair of components (C11-C21). Since the components of the inner pair also
have higher flux densities, these dominate the spectrum of region C at low resolutions, for
example, as found in the MERLIN imaging presented in section 4.2.1.
The spectral similarity of component A2 with that of the elongated component C12
in region C might appear to favor scenario A. However, the non-detection of the expected
counterpart of A5 in region C disfavors this possibility, as was shown in section 4.3.
Furthermore, any association between the components of C and those of image A (or
B), on the basis of their spectra, should not be trusted because the components in C1
(or C2) probably correspond to a region which is about one tenth the size of any of the
components found in A (or B), and may not have spectra similar to the spectrum of the
component as a whole.
4.4.2 Relative Magnification of the Images
The relative magnification (µr) of the lensed images, that is, the magnification of an image
(B) with respect to another image (A), is simply the ratio of individual magnifications µB
and µA (see Eq. 1.20). Ideally, the surface brightness of the lensed images is conserved,
hence, the observed flux density ratios of the images should be equal to the ratio of their
solid angles. This can be expressed as,
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Figure 4.22: Vectors A1 and A3 are defined w.r.t A2, chosen as the origin. Similarly,
vectors B1 and B3 are defined w.r.t B2, chosen as the origin. The mapping of the triangle
A1-A2-A3 to B1-B2-B3 is defined by a matrix called the relative magnification matrix.
µr =
µB
µA
=
S B
S A
=
ωB
ωA
= |det(MABi j )|, (4.1)
where the relative magnification matrix (MABi j ) is defined as,
IB = MABi j IA . (4.2)
Here, the vectors IA and IB correspond to vectors in images A and B, respectively.
This formulation can be applied to real gravitational lens systems (e.g., Garrett et al.
1994b; Jin et al. 2003) provided the lensed images show a rich structure of non-collinear
features.
In the lensed images A and B of MG 2016+112, there are five non-collinear compo-
nents. It is simpler to define the magnification matrices for a set of three non-collinear
components instead of attempting to fit for all of the components simultaneously. The
combinations are chosen such that at least one out of the three components is a bright
compact component. A total of five sets of triplets are investigated. For every triplet, the
matrices are defined three times such that every component is chosen once as the origin.
For example, 1-2-3 is a triplet of components 1, 2 and 3. A matrix mapping of vectors
(A1, A3) of image A to the vectors (B1, B3) of image B, is defined with component 2
as the origin (see Fig. 4.22). Therefore, the vector B1 is mapped to A1 through a matrix,
which is defined as,
B1 =
(
B1x
B1y
)
=
(
M11 M12
M21 M22
) (
A1x
A1y
)
= M12i j A1. (4.3)
Next, with component 3 at the origin, a matrix mapping between the vectors (A1, A2)
and (B1, B2) is defined. Finally, a matrix mapping with component 1 as the origin is
defined between the images.
Shuffling the components at the origin one by one and re-calculating the matrix is
expected to give the same result and is performed to test the repeatability of the method
used here. Furthermore, the relative magnification matrix for the images A and B are
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calculated both at 5 and 8.4 GHz, which again are expected to be consistent. Unless
there is any frequency dependent structure in the images, the flux density ratios (i.e. the
determinants) for the counterparts of a component should be same. Turning it around, an
expensive method to find out any frequency dependent structure would be to compare the
relative magnification matrices.
The positions of the components of images A and B are taken from Tables 4.5 and 4.6,
after applying the appropriate shift of origin for each case. The uncertainties are chosen
as 0.1 mas for all positions throughout for simplicity. Nevertheless, the determinants of
the magnification matrices are found to be consistent between 5 and 8.4 GHz for all of
the sets to within the uncertainties (see Table 4.8). Furthermore, the determinants are
consistent between any two sets. The negative values of the determinants confirms the
opposite parity of image B with respect to image A.
4.4.3 Substructure
The prediction of Dalal & Kochanek (2002), for the satellite mass fraction of the total
mass of a typical lens galaxy halo, is 0.006 < fsat < 0.07 at 90 per cent confidence which
is consistent with CDM predictions. The lens system B2045+265 has the most discrepant
flux ratios in the radio amongst the known flux ratio anomalous cases. McKean et al.
(2007) have detected a satellite within the Einstein radius of the lens system which is
evidence of luminous substructure. However, the satellite is not confirmed to be at the
redshift of the lens. Also, the mass distribution of the satellite must be highly elongated
to satisfy the observed properties of the lensed images.
Similarly, Ros et al. (2000) have found that a previously known object near to the
lensed images of MG J0414+0534 when included in the mass model, fits the positions
and flux densities of the lensed images of the radio core well. On the other hand, Trotter
et al. (2000) have taken into account only the astrometric constraints and investigated
higher order multipoles of the potential by Taylor expansion. In conclusion, they find that
neither the object X nor an over-density of galaxies to the south-west have a significant
contribution to the image distortions.
In MG 2016+112, the lensed images A and B show similar spectra. The expected
parity and the surface brightness of the images is also found to be conserved. In region
C, the components in the inner pair, C12 and C22 show similar spectra and flux densities.
The outer pair of components C11-C21 show similar spectra, albeit the flux densities are
different. Moreover, component C21 is notably displaced from the position expected for a
merging image pair. With a smooth mass model of SIE+shear centred at D, it is possible
to fit the positions of the components of images A and B only. Fitting the components of
region C resulted in a very poor fit with a reduced χ2 of about 180. In MG 2016+112,
a satellite galaxy (G1) has been spectroscopically confirmed to be at the redshift of the
lensing galaxy D (Koopmans & Treu 2002a). Including this satellite G1 in the mass model
significantly improved the fit to all of the astrometric constraints (reduced χ2 = 3.5).
Additionally, the relative magnification matrix mapping could be used to test the pres-
ence of substructure near the lensed images A and B. Note that it is not possible to carry
out the test for region C due to two reasons, a) the C components straddle the critical
curve, and due to the high magnification gradient the linearity of the mapping does not
hold true and b) since the features in C are almost along a straight line, the errors intro-
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Table 4.8: The determinants of the relative magnification matrices for the components of lensed images A and B of MG 2016+112.
Components 1-2-3 1-3-5 1-4-5
5 GHz 8.4 GHz 5 GHz 8.4 GHz 5 GHz 8.4 GHz
1 −1.08±0.34 −1.31±0.30 −1.29±0.22 −1.08±0.13 −1.02±0.15 −0.79±0.11
2 −1.09±0.35 −1.32±0.31
3 −1.10±0.35 −1.31±0.31 −1.29±0.22 −1.08±0.13
4 −1.02±0.15 −0.78±0.11
5 −1.28±0.22 −1.08±0.13 −1.02±0.15 −0.78±0.11
Components 2-4-5 2-3-4
5 GHz 8.4 GHz 5 GHz 8.4 GHz
1
2 −1.30±0.27 −0.85±0.12 −0.91±0.20 −1.18±0.21
3 −0.91±0.20 −1.18±0.21
4 −1.29±0.27 −0.85±0.12 −0.90±0.20 −1.18±0.21
5 −1.29±0.27 −0.84±0.12
4.4 Results and Discussion
duced would be too high to estimate the determinant reliably. Thus, despite the spectro-
scopic confirmation of the luminous substructure that clearly affects the position of the
C21 component, its contribution cannot be tested independent of any assumptions about
the mass model. Nevertheless, the determinant of the relative magnification matrix be-
tween images A and B is found to be in agreement with the observed flux density ratios
of the images. Furthermore, it holds true for the 5 and 8.4 GHz data sets, which have
high enough resolution to resolve the components unlike the 1.7 GHz data set. Therefore,
it can be concluded that no significant substructure is found in the immediate vicinity of
either the image A or image B components.
4.4.4 Comparison Between Mass Models
For MG 2016+112, the mass model of Koopmans et al. (2002b) was made with A1-B1
and A2-B2-C12-C22 as the constraints without taking into account the asymmetric sepa-
rations in the merging pair C1 and C2. The counterparts of C11-C21 were predicted to be
lying to the north-west of A2-B2. Subsequently, a mass model with galaxy D and a nearby
dwarf galaxy G1 was claimed to have fitted all of the data from Koopmans et al. (2002b),
including the problematic asymmetric positions (Kochanek private communication, see
Kochanek et al. 2004). Using the same data, the mass model of Chen et al. (2007) was
made with SIE+SIS+shear and a multipole term of order 4 for the main galaxy. The best
fitting mass model had a reduced χ2 of 3 (Dalal private communication).
However, the matter did not close here since the new observations presented in this
chapter detected component 5 in images A and B at the expected position to the north-
west, but the observed flux density was too high compared to what was predicted from
the mass model for A5 to be the counterpart of C11-C21. Therefore, mass models like
SIE+shear, SIE+SIS+shear or SIE+SIS+SIS+shear that assume the caustic to be situated
either on component 2 (Scenario A) or between components 2 and 5 (Scenario B, see
Fig. 4.18), will either predict two counterparts of A5-B5 in region C that will have a
magnification more than A5-B5, and should have been detected, or predict a high relative
magnification for C11/A5, inconsistent with the observed flux density ratio.
One of the ways to get around this problem is to have the caustic situated on compo-
nent 5 (Scenario C) or to the north-west of component 5 (Scenario D). Now, any smooth
mass model that fits the astrometric constraints will predict relative magnifications which
will not be verifiable using the observations presented here. Thus, this would resolve
the inconsistencies between the predictions and observations. However, the models pre-
sented here have not successfully fitted the high-resolution astrometric constraints (re-
duced χ2 ∼ 3.5) and hence, these are an approximate representation of the true mass
model. Note that the models presented here, and that of Chen et al. (2007) are equally
good on the basis of goodness of fit of the models.
An alternative to the smooth mass models which include one or more luminous clumps
of substructure, would be to test a model with higher order multipoles of the gravitational
lens potential which may not require additional substructure. Such attempts have been
made previously by Evans & Witt (2003) and Congdon & Keeton (2005) for the anoma-
lous flux ratio cases, and by Biggs et al. (2004) for B0218+437 which is another likely
case of an astrometric anomaly. Perhaps, higher order effects are giving rise to tiny dis-
tortions that could not be fitted with a smooth mass model and one or two luminous
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sub-halos.
Velocity dispersion of the elliptical D
The main galaxy D is fitted with an isothermal ellipsoid and there is no simple relation
between the Einstein radius and the velocity dispersion for a SIE, whereas the mass within
the Einstein radius, the Einstein radius and the velocity dispersion have a simple relation
for a SIS. Therefore, a SIS equivalent of the mass of a SIE within the critical curve is used
to find the SIS equivalent Einstein radius, which is then used to find the predicted velocity
dispersion. For a circularly symmetric profile and very small (∼ 0) projected separation
between the source and the lensing galaxy, the mass within the Einstein radius is related
by,
M =
b2c2
4G
DdDs
Dds
. (4.4)
Furthermore, for an isothermal sphere, the Einstein radius (b) can be related to the velocity
dispersion by
b = 4πσ
2
c
Dds
Ds
. (4.5)
The velocity dispersion is estimated from the best-fitting Einstein radius of the two-
galaxy models. Given any of the scenarios for a SIE+SIS+shear model, the Einstein
radius of D is ∼1.57 arcsec7 which corresponds to σ = 343 km s−1. The velocity disper-
sion from the model is in agreement with the central stellar velocity dispersion 328 ± 32
km s−1 measured by Koopmans & Treu (2002a), and with the predicted velocity disper-
sion of 320-342 km s−1 from the Koopmans et al. (2002b) mass model. Treu & Koopmans
(2002) showed that the mass density profile within the Einstein radius of MG 2016+112
is isothermal (i.e. slope γ = 2.0±0.1) using the combined mass estimates from stellar
dynamics and strong lensing, which is consistent with the assumption of isothermality in
the mass models presented here.
A limit on the mass of the satellite G1
For the SIE+SIS+shear models, the Einstein radius of the satellite galaxy (i.e. the SIS
component) is found to be ∼ 0.14 arcsec. Kochanek et al. (2004) have quoted the mass of
G1 as 1 per cent of the mass of the main galaxy D. Since the Einstein radius b ∝
√
M, the
SIE+SIS+shear model predicted mass fraction of the dwarf galaxy is 0.8 per cent, which
is consistent with that found by Kochanek et al. (2004). However, it is still higher than
the upper limit of ∼0.5 per cent placed by simulations of satellites within the range of
typical image separations (Mao et al. 2004). The predicted velocity dispersion of G1 is
99 km s−1. This is consistent with the results of Chen et al. (2007), who have found the
velocity dispersion to be 87 < σ < 101 km s−1 for the satellite G1.
The mass models of Kochanek et al. (2004) and Chen et al. (2007) could neither be re-
constructed from the old data nor be verified with the new observations since their data
constraints and mass model parameters have not been presented. Even though similar
7Note the convention implemented in gravlens for Einstein radius of SIE, see section 2.2.4
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mass models are investigated here using the new observations, only an approximate mass
model with consistent values of the parameters like the Einstein radius or velocity disper-
sion could be found.
4.5 Conclusions
Multi-frequency high-resolution radio observations of the gravitational lens MG 2016+112
were conducted to carry out a spectral analysis and to find a mass model for the complex
structure in the lensed images. Radio maps made with simultaneous MERLIN and global
VLBI observations at both 1.7 and 5 GHz were presented. Subsequently, HSA observa-
tions at 8.4 GHz were undertaken to carry out a spectral study of the components at high
resolution. In addition to the two previously known components in images A and B, three
new components were detected in the observations presented here. The observations with
the HSA proved crucial in the confirmation of the new components. A total of five com-
ponents are now found in images A and B. No more new components are detected above
33 µJy within a region of size 0.21×0.21 arcsec2 centred at images A and B from the HSA
imaging at 8.4 GHz. A 5σ upper limit was placed on the peak surface brightness of an
odd image in the vicinity of the lens D, or radio emission from D, of 0.18 mJy beam−1 at
8.4 GHz.
The overall radio spectra and the flux densities of the component in A and B were
found to be similar. The flux density ratio of images A and B were consistent with the
determinant of the relative magnification matrix. Therefore, there is no significant sub-
structure or any other effects that might affect the flux densities of the images. In region
C, the morphology and spectra of C11-C21 and C12-C22 were found to be similar, as
expected for lensed images. Furthermore, the observed flux densities of the C2 pair are
found to be higher than the C1 pair at all frequencies, which could be due to the proximity
of the satellite galaxy G1 to the C2 pair with a positive parity (Keeton 2003b). The iden-
tification of components in region C with those in image A (or B), on the basis of their
spectra, cannot be done because the highly magnified components of region C correspond
to extremely small regions in either the detected (4, 1, 3, 2 or 5) or undetected components
of images A and B.
Several mass models with more than one mass component in a single lens plane were
investigated for four scenarios. In these scenarios, components of region C were con-
strained as the lensed counterparts of different parts of the components of images A and
B, and the consequences of doing so were assessed. The mass models tested here with
scenarios A and B predicted relative magnifications of the images, that were inconsistent
with the observations. The predictions of scenarios C and D were consistent with the
observations presented here. Note that the predictions of the mass models of Koopmans
et al. (2002b), Kochanek et al. (2004) and Chen et al. (2007) are not consistent with the
new observations because of the detection of component 5. A SIE+SIS+shear model
with the satellite galaxy G1 (SIS) found at the same redshift as the lensing galaxy D (SIE)
improved the fit (reduced χ2 = 3.5) to the astrometric constraints significantly, as stated
previously by Kochanek et al. (2004). However, a model with an even more complex mass
distribution than that which has been tested here, which is causing small scale deviations
in the positions of the C components, is required.
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lens in a galaxy group
5.1 Introduction
There are now over a hundred examples of galaxy-scale lens systems known. These
systems have been found from systematic searches around potential lens galaxies (e.g.
Fassnacht et al. 2004; Bolton et al. 2006a; Moustakas et al. 2007) and from large surveys
of the lensed source parent population (e.g. Bahcall et al. 1992; King et al. 1999; Browne
et al. 2003; Myers et al. 2003). Serendipitous discoveries of gravitational lensing from
deep high-resolution optical and infrared imaging have also been made (e.g. Fassnacht
et al. 2006b). Typically, the image separations for these gravitational lens systems are
between 0.5–1.5 arcsec, with only a handful having image separations & 3 arcsec (see
Fig. 5.1; Walsh et al. 1979; Lawrence et al. 1984; Wisotzki et al. 1993; Mun˜oz et al. 2001;
Sluse et al. 2003; Oguri et al. 2004; McKean et al. 2005; Bolton et al. 2006b; Inada et al.
2006). Since the enclosed mass of a lens system is proportional to the square of the image
separation (i.e. ME ∝ ∆θ2 for a circularly symmetric mass distribution; Kochanek 1991),
such wide image separation lens systems (i.e. & 3 arcsec) may be due to halos which are
an order of magnitude more massive than those of typical lens galaxies.
As such, wide image separation lens systems could be used to probe the matter distri-
bution at the top end of the mass function for galaxy-scale structures. Alternatively, the
wide image separation could be due to the lens galaxy being in an over-dense environ-
ment, for example, in a group or cluster of galaxies. Recent imaging and spectroscopic
surveys of the local environments of lens galaxies have found many to be members of
larger structures (Fassnacht & Lubin 2002; Fassnacht et al. 2006a; Momcheva et al. 2006;
Williams et al. 2006; Auger et al. 2007a). However, the total contribution of the group
or cluster to the lensing mass distribution is thought to be no more than ∼ 5 per cent for
systems with image separations of ∼ 1 arcsecond (Momcheva et al. 2006; Auger et al.
2007a). Studies of gravitational lens systems with larger image separations may show an
enhanced lensing mass distribution which has been boosted by the environment. An ex-
treme example of this is cluster lensing which can produce image separations much larger
than 10 arcsec (e.g. Oguri et al. 2004; Inada et al. 2006).
The gravitational lens system CLASS B2108+213 has two radio-loud lensed images
separated by 4.56 arcsec (McKean et al. 2005). This image separation immediately iden-
tifies B2108+213 as an excellent opportunity to study a mass regime between the typical
galaxy and cluster-scales. New high-resolution radio imaging of B2108+213 is presented
with the twin aims of determining the nature of the third radio component and finding
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Figure 5.1: A histogram of the distribution of image separations for lens systems.
Arcsecond-lenses are found in abundance.
additional observational constraints for the lensing mass model from the two lensed im-
ages. 1.4 GHz imaging with MERLIN is presented to show the low surface brightness
emission from this system. High resolution imaging of the lensed images at 1.7 GHz
with the VLBA and at 5 GHz with global VLBI are also presented. These new data show
extended jet emission from both lensed images on mas-scales which are used to test new
mass models for B2108+213. Finally, the results and conclusions are presented.
5.2 Discovery in the Radio
B2108+213 was first found in 8.46 GHz imaging with the VLA as can be seen in Fig. 5.2.
This showed compact emission from three components viz. A, B and C. The discovery
was made during the Cosmic Lens All-Sky Survey (CLASS; Myers et al. 2003; Browne
et al. 2003). CLASS is a survey to study radio-loud gravitational lens systems. It com-
prises compact flat-spectrum radio sources. The complete sample consists of 11 685
sources which were selected to have a flux density≥ 30 mJy at 5 GHz. These sources were
selected from the Green Bank Survey (GB6) catalogue (Gregory et al. 1996) at 5 GHz
and the NVSS 1 catalogue (Condon et al. 1998) at 1.4 GHz such that the spectral index
α51.4 > −0.5 (where S ν ∝ να). The primary aim of this survey was to find galaxy-scale
lenses i.e. those with image separations of the order of a few arcseconds. The sources for
which the integrated flux density of the images at 8.46 GHz was ≥ 20 mJy were further
selected as the lens candidates for the refined CLASS sample. This resulted in the dis-
covery of a total of 22 gravitational lens systems. Since B2108+213 did not satisfy the
1National Radio Astronomy Observatory Very Large Array Sky Survey
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selection criteria, it did not belong to the statistically well defined sample. Nevertheless,
it is the widest separation lens system discovered in CLASS.
B
C
A
Figure 5.2: A 30 s snapshot image of B2108+213 at 8.46 GHz using the VLA shows three
components A, B and C (McKean et al. 2005). The three components are not collinear.
BA
Figure 5.3: VLBA 5 GHz maps detected emission from A and B. Further structure was
resolved in image A. No emission was detected from C (McKean et al. 2005).
Follow-up observations of B2108+213 with the Multi-Element Radio Link Interfero-
metric Network (MERLIN) at 5 GHz found the radio spectra of the two lensed images (A
and B) to be similar (α ∼ 0.15 between 5 and 8.46 GHz), with a flux-ratio of S B/S A ∼ 0.5.
High resolution radio imaging with the Very Long Baseline Array (VLBA) at 5 GHz found
the surface brightness of images A and B to be consistent with gravitational lensing (see
Fig. 5.3). A feature extending from the south-west of the compact component in A was
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Figure 5.4: HST V, I and H-band images of B2108+213 clearly show lensed images A
and B and a giant elliptical galaxy G1 with a companion G2 within the Einstein radius of
the system. The lower panels show G1+G2 subtracted residual images. Note that some
extended emission of the background quasar is visible in image A (McKean et al. 2005).
also detected and B showed a single component. Component C was detected and found to
be resolved with the deep MERLIN observations whereas the VLBA observations could
not detect C because the emission was perhaps resolved out.
5.2.1 Optical/Infrared
The optical and infrared imaging with the HST show compact emission from the lensed
images A and B. The optical flux density ratio (B:A) is similar to that observed in the
radio (see Fig. 5.4). The spectra of A and B are found to be similar which is consistent
with A and B being lensed images of the same background source. Since the spectra
of the lensed images are featureless, the background source is believed to be a BL Lac
type quasar (McKean et al. in prep). Thus, the spectroscopic redshift of the quasar is not
known because measuring the redshift with featureless spectrum becomes difficult.
Not surprisingly, a massive elliptical galaxy (G1) is found at the expected position of
the lens. Moreover, the third radio component (C) detected with the VLA and MERLIN
imaging is coincident with G1. A companion galaxy (G2) is also found within the Einstein
radius of the system. However, there is no evidence of emission from G2 in the radio.
The residuals are shown in the lower panels of Fig. 5.4 after subtracting a de Vaucouleurs
profile for both the galaxies. An asymmetry found in the residual images near G1 is
believed due to G1 having a disturbed and complex morphology. Using spectroscopy, the
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Figure 5.5: HST I-band image with a field of view of size 223×223 kpc2 shows several
galaxies in proximity to G1 (center) indicating the presence of a galaxy group (McKean
et al. 2005).
redshift for G1 was determined to be 0.365 (McKean et al. in prep). The spectrum of
G1 has no strong emission lines and is consistent with an early type galaxy. The redshift
of G2 is unknown because the angular separation between G1 and G2 is ∼ 1.1 arcsec.
A spectroscopic survey of the environment around the main lensing galaxy has found at
least 40 group/cluster galaxies at the same redshift as G1 (z = 0.365, see Fig. 5.5). The
galaxy velocity dispersion is 450 km s−1. About 4 galaxies are found within a radius of
12 arcsec (∼ 60 kpc) from G1. Also, the central stellar velocity dispersion of G1 was
found to be 360 km s−1. These new data confirm that G1 is a massive galaxy in a dense
group/cluster environment (McKean et al. in preparation).
5.2.2 Recent X-ray Analysis
B2108+213 was recently included by Fassnacht et al. 2007 in their sample of moderate
redshift (0.3 < z < 0.6) galaxy groups. X-ray observations were done with Chandra of this
system. The field seems to show two main sources of compact emission, one centred at the
lens system and the other to the east. The high resolution of Chandra could also resolve
the compact emission from the AGN of the lensed quasar and the lensing galaxy G1 (see
Fig. 5.6) which was masked out to map the diffuse emission. The elongated low surface
brightness X-ray contours are stretched along an east-west direction and form a bridge
between the two compact sources of emission. The field shows multi-component diffuse
emission. Although one of the low surface brightness regions (with a size of ∼2′×1′) is
found to be roughly centred on the lens system, the centroid of the overall diffuse emission
is offset from the position of the brightest group galaxy (G1). The group members show a
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Figure 5.6: The brightest non-stellar object in the grey-scale field of the HST image is
B2108+213. The overlaid X-ray contours show diffuse emission which might be due to
the interaction within the groups of galaxies (Fassnacht et al. 2007, see text). Compact
X-ray emission is seen from A, B and the lensing galaxy G1 which was masked out to
determine the extended emission.
non-Gaussian velocity dispersion profile indicating a dynamically disturbed system. Their
estimated group velocity dispersion is 470±50 km s−1.
5.2.3 Existing Mass Model
A mass model for the system was proposed by McKean et al. (2005) which incorporated
both G1 and G2 as singular isothermal spheres with an external shear component. This
model successfully reproduced the observed positions and flux-ratios of the lensed images
and required only a small contribution from the field (the external shear was ∼ 2 per cent).
However, given the limited number of observational constraints that were provided from
the two lensed images, this model has no degrees of freedom.
Moreover, lens theory predicts that an extended mass distribution should produce an
additional lensed image near the centre of the lens potential (e.g. Rusin & Ma 2001; Kee-
ton 2003a). The detection of such odd images is extremely rare for galaxy-scale systems
because the image magnification tends to zero as the inner density profile approaches
isothermal (ρ ∝ r−2). However, the non-detection of core lensed images can place a very
strong lower limit to the density profile of the lensing mass distribution (e.g. Rusin & Ma
2001; Keeton 2003a; Boyce et al. 2006a; Zhang et al. 2007). There is currently only one
accepted detection of a core lensed image, PMN J1632−0033, whose lensing galaxy has
a global power law slope of γ ∼ 1.91±0.02 (Winn et al. 2002, 2004).
The nature of the third radio component of B2108+213 is not entirely clear. The
position of C is very close to that of the main lensing galaxy as expected for the odd
image. However, the flux-density of component C appears to be too large to be the core
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lensed image; the flux-ratio is S C/S A ∼ 0.1. Therefore, new mass models are also made
to determine the status of C as either the third lensed image or the AGN of the lensing
galaxy.
5.3 New Observations in the Radio
In this section, new radio imaging of B2108+213 with MERLIN, the VLBA and global
VLBI are presented.
5.3.1 MERLIN 1.4 GHz Observations
B2108+213 was observed with MERLIN at 1.4 GHz in two runs. The first set of observa-
tions were carried out for 14 h on 2005 March 19 and 20 with all of the MERLIN antennas
except for the Lovell telescope. The second observing run, which included all of the an-
tennas, lasted for 14 h and 8 h on 2005 April 15 and 16, respectively. 3C286 and OQ208
were used as the flux density and polarization calibrators. A switching cycle of ∼ 2 and
∼ 6 min was used between the phase calibrator (B2103+213) and the lens system. The
data were taken in a single IF and divided into 15 channels of 1 MHz width each. The data
were taken in both the right and left hand circular polarizations. The initial editing was
done with the dplot routine and the initial flux-density calibration with the dproc routine
using the MERLIN pipeline. Most of the further data reduction and mapping was done
using the MERLIN automated pipeline within AIPS. This work was done in collaboration
with Dr. Tom Muxlow, Jodrell Bank Observatory (JBO).
The MERLIN imaging detected a combination of compact and very low surface bright-
ness extended emission. The total intensity image was initially cleaned with the AIPS task
imagr to subtract the higher surface brightness compact radio components (A, B and C).
The residual image, which contained the low surface brightness emission, was then de-
convolved with the maximum entropy routine vtess with a starting model of the central
part of the residual image smoothed with a circular Gaussian of full width at half max-
imum (FWHM) of 2 arcsec. Finally, the high surface brightness features were restored
with the AIPS task rstor into the low surface brightness map and the combined total
intensity map was produced.
In the left panel of Fig. 5.7 shows the total intensity map made from the combined
datasets. Components A, B and C in this image are restored with a 0.252×0.165 arcsec2
beam. For the first time extended emission is found on either side of component C spread-
ing over an area of ∼10×2 arcsec2. It appears as though the extended jet emission origi-
nates from component C. The positions and the flux densities obtained from fitting Gaus-
sian model components to A, B and C with the task jmfit in AIPS are given in Table 5.1.
The total flux-density for the extended structure, measured by integrating over the region
within the 3σ limit, is ∼ 70 mJy. Earlier measurements from the NVSS catalogue suggest
a flux density of ∼ 53 mJy for this system. The difference in these two estimates might be
due either to difference in calibration or the maximum entropy method used for mapping
the extended emission. The map of linear polarized emission shows only image A, with
a polarized flux density of 0.6±0.1 mJy (see the right panel of Fig. 5.7). The rms noise of
the polarized image is ∼ 0.1 mJy beam−1. Therefore, these observations were not sensitive
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Figure 5.7: Left: HST I-band (F814W) image of B2108+213 in grey-scale overlaid with
the contours at 1.4 GHz using MERLIN. The lensed images A and B are coincident in
optical and radio. The core component C coincident with Galaxy G1 is accompanied
by low surface brightness emission extending on either side in the radio. Galaxy G2
does not show any counterpart in the radio. The contours are (−3, 3, 6, 12, 24, 48, 96,
192)×0.03 mJy beam−1 (rms in the map). North is up and east is to the left. The MERLIN
map was produced in collaboration with Tom Muxlow. Right: The polarized emission at
1.4 GHz with MERLIN is seen from image A only. The polarized emission from B and
C, if any, is below the noise level.
enough to detect any polarized emission from image B, assuming that the polarized flux
ratio between A and B is same as the flux ratio.
Table 5.1: The flux densities and positions of A, B and C from fitting Gaussian model
components to the MERLIN 1.4 GHz map. The separations are measured relative to A.
Comp. RA Dec S peak S total
(mas) (mas) (mJy beam−1) (mJy)
A 0.0±0.2 0.0±0.2 16.3±0.8 16.4±0.8
B 2141.3±0.4 −4026.7±0.4 7.1±0.5 7.7±0.4
C 1434.4±6.0 −2915.6±6.0 0.5±0.1 0.6±0.1
5.3.2 VLBA 1.7 GHz Observations
B2108+213 was observed on 2002 June 19 with the VLBA at 1.7 GHz. The aim of
this observation was to image any low surface brightness extended jet emission from the
lensed images and to detect component C on mas-scales. The observing run lasted for
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7.5 h in total, with ∼ 5.2 h spent observing B2108+213. The calibrator B2103+213 was
used for phase-referencing, with a 5 min time cycle between the lens system (3.5 min)
and the calibrator (1.5 min). The data were taken in the left-hand circular polarization
through 4 IFs, each with 8 MHz bandwidth. The aggregate bit rate was 128 Mb s−1 with
2 bit sampling. All of the VLBA antennas were available with the exception of Los
Alamos. The data were correlated at the VLBA correlator where each IF was divided
into 16×0.5 MHz channels and averaged over 2-s time intervals. For wide-field imaging
with interferometers, bandwidth smearing of the uv-data can cause radial smearing of the
map features which reduces the peak flux-density of a component far away from the phase
centre (see Chapter 3). To limit the effect of bandwidth smearing, the data were correlated
at two positions centred on images A and B. Note that for the set-up used here bandwidth
smearing effects are significant2 at a radius of & 11 arcsec, which is well outside the
maximum lensed image separation (4.56 arcsec).
Both the A and B data sets were inspected in aips. Since the data set B had a better
correlation, only this data set was reduced and analyzed further. The data were amplitude
calibrated from the system temperature and gain curve values for each antenna, and cor-
rected for the change in the parallactic angle. The data for B2103+213 were phase and
amplitude self-calibrated and the solutions were applied to the lens system B2108+213.
The mapping of B2108+213 was carried out using imagr, without further frequency or
time averaging. While mapping a wide field of view, a less time consuming technique
is to map only the regions of interest. Thus, during the imaging of B2108+213 three
sub-fields centred on A, B and C were mapped. An iterative process of cleaning and
phase-only self-calibration, using a 9 min solution interval, was used to map the lens
system.
In the upper panel of Fig. 5.8, the naturally weighted maps of lensed images A and B,
and of radio component C. Image A shows a compact core and a radio-jet extending to
the south-west which was fitted by a three component Gaussian model. Previous VLBA
imaging at 5 GHz by McKean et al. (2005) found the jet to extend over 10 mas in scale,
whereas the new deeper 1.7 GHz map shows more emission extending beyond 20 mas
from the radio core. Image B shows a single core component with a hint of jet emission
to the north-east. Image B is also fainter than image A, which is consistent with gravita-
tional lensing where the surface brightness of the lensed images is conserved. A single
component Gaussian fit successfully modeled the emission from image B. The radio com-
ponent C was detected for the first time at mas-scales. A single component Gaussian fit
shows that the emission from C is compact (deconvovled FWHM is 5.3 mas). The results
of fitting Gaussian model components using the AIPS task jmfit are listed in Table 5.2.
Note that the extended emission detected in the MERLIN imaging has been resolved out
here.
5.3.3 Global VLBI 5 GHz Observations
In order to better resolve the north-east extension in image B and to determine the spectral
index of component C, a global VLBI observation of B2108+213 at 5 GHz was under-
taken. The lens system was observed on 2006 February 17 with the Effelsberg, Jodrell
2For a 10 per cent loss in the measured peak flux density of a point source.
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Figure 5.8: The top panel shows VLBA 1.7 GHz maps of B2108+213 (A, B and C)
restored with a beam size of 10.9×6.1 mas2 and position angle of 12.18◦. The bottom
panel shows Global VLBI 5 GHz maps restored with a beam size of 3.19×0.97 mas2
and position angle of −6.17◦. Component A shows extended structure to the south-west
direction at both frequencies. Component B shows north-east extension, which is better
resolved at 5 GHz. Component C which is coincident with the main lensing galaxy,
is compact at both frequencies. The contours for all the maps are (−3, 3, 6, 12, 24,
48) × σmap given in Table 5.2 for the 1.7 GHz dataset and is 0.05 mJy beam−1 for the
5 GHz dataset. North is up and east is left. Grey-scales are in mJy beam−1, except for the
1.7 GHz image of component C which is in µJy beam−1.
Table 5.2: Positions, flux densities and rms map noise of the components at 1.7 GHz.
Component RA Dec S peak S total σ map
(mas) (mas) (mJy beam−1) (mJy) (mJy beam−1)
A1 0.0±0.1 0.0±0.1 3.0±0.2 4.6±0.2 0.070
A2 3.0±0.2 −0.9±0.2 2.3±0.1 2.4±0.1 0.070
A3 −12.2±0.5 −5.5±0.5 0.6±0.1 1.7±0.1 0.070
B 2135.9±0.1 −4030.5±0.1 3.3±0.2 4.3±0.2 0.065
C 1429.0±0.5 −2889.9±0.5 0.5±0.1 0.5±0.1 0.065
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Bank Mk2, Westerbork, Medicina, Torun, Noto, Green Bank and 10 VLBA antennas. The
14.5 h long observation was taken in both the right and left-hand circular polarizations,
through 4 IFs each with 8 MHz bandwidth and a 256 Mb s−1 bit rate. Here, the 5 min
time cycle between the lens and the calibrator (B2103+213) was divided into 3 and 2 min
scans, respectively for phase-referencing. The correlation was carried out at JIVE3 where
the data in each IF were divided into 16×0.5 MHz channels and time-averaged over 1-s
intervals. The maximum field-of-view defined by bandwidth and time-averaged smearing
is ∼ 8 arcsec with this setup. Therefore, a single correlation of the data with the phase
centre at the mid-point between lensed images A and B was obtained.
The data were reduced using aips in a similar manner to the 1.7 GHz VLBA obser-
vations. The Green Bank Telescope had severe problems throughout the observing run,
hence it was removed completely from the dataset. All baselines with Torun were dis-
carded because of a poor amplitude calibration. Throughout the data reduction process
all of the antennas were given equal weights to stop the large antennas (like the 100 m
Effelsberg telescope) dominating the uv-dataset. This avoids higher side-lobes and a de-
terioration of the image quality. The data were reduced by adopting a procedure similar
to that followed at 1.7 GHz. The phase calibrator (B2103+213) was mapped initially to
determine the phase corrections which were applied to B2108+213. Subsequently, the
data for B2108+213 were self-calibrated with a 3-min long solution interval, and cleaned
using imagr. The naturally weighted global VLBI maps of B2108+213 are presented in
the lower panel of Fig. 5.8.
Image A shows the same core-jet structure observed at 1.7 GHz and previously at
5 GHz (McKean et al. 2005). These new Global VLBI data clearly resolve image A
into three main components A1, A2 and A3. Component A1 is made up of two compact
sub-components A11 and A12. Component A2 appears to be an extended knotty jet
feature, which is further divided into three sub-components, A21, A22 and A23. The
third component (A3) of image A is a faint jet feature which bends flux density towards
south. Components A1 and A2 were fitted with two and three elliptical Gaussian models
respectively. Since it is not possible to fit more than 4 components simultaneously in
jmfit, Powell’s method was used for model fitting. Other AIPS tasks that can deal with
more than four Gaussian at once work in the uv-plane. However, given the wide field
and multiple regions of interest in the target source, each with a complicated structure,
the best option was to work in the image plane. Powell’s minimization method can be
used to work in the image plane, like the AIPS task jmfit. Fig. 5.9 shows the observed
(in red) and the model (in green) surface brightness distributions of components A1 and
A2. Component A3 could not be well fitted with multiple Gaussian models. Therefore,
the flux density was measured by summing all of the surface brightness emission within
the 3σ boundary. The position of A3 was obtained from the surface brightness peak.
Note that due to the different angular resolutions and frequency dependent structure, the
components (A1, A2 and A3) at 1.7 GHz do not correspond to those observed at 5 GHz –
this is simply a naming convention.
The map of image B shows the expected core-jet structure to the north-east. B1 is
identified as the core, and B2 and B3 as the counterparts to the jet features detected from
the 5 GHz imaging of A. The emission from image B was fitted with three elliptical
3Joint Institute for VLBI in Europe
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Table 5.3: Positions and flux-densities of the fitted Gaussian components for the 5 GHz
data. Component A3 was not fitted with a two-dimensional Gaussian (see Section 5.3.3
for details).
Component RA Dec S peak S total
(mas) (mas) (mJy beam−1) (mJy)
A11 0±0.1 0±0.1 3.57±0.43 3.81±0.47
A12 −1.1±0.1 0.0±0.1 1.85±0.31 2.63±0.34
A21 −3.5±0.1 −0.6±0.1 0.72±0.20 1.18±0.21
A22 −4.7±0.1 −0.5±0.1 0.30±0.13 0.32±0.13
A23 −6.0±0.1 −1.3±0.1 0.45±0.16 1.42±0.17
A3 −9.8±0.5 −3.9±0.5 0.38±0.15 0.43±0.22
B1 2135.2±0.1 −4030.0±0.1 2.31±0.34 2.90±0.37
B2 2137.0±0.3 −4028.0±0.3 0.45±0.16 1.08±0.17
B3 2140.5±0.4 −4025.2±0.4 0.29±0.13 0.32±0.13
C 1430.7±0.1 −2888.1±0.1 0.86±0.10 0.86±0.10
 250  270  290 250
 270
 0.1
 1.1
 2.1
 3.1
 4.1
Relative RA (pixels)
Relative Dec (pixels)
Su
rfa
ce
 b
rig
ht
ne
ss
 (m
Jy
/be
am
)
data
model
Figure 5.9: A plot of surface brightness distribution of components A1 and A2 together in
image A at 5 GHz overlaid with the best-fitting model. By using Powell’s minimization
routine the data is fitted in the image plane with a multiple Gaussian component model to
measure the flux densities and peak intensity positions of the components.
5.4 Mass Models
Gaussian components, using the same minimization method as for image A. Note that
the small feature to the south of component B2 was excluded during the fitting process.
Component C was fitted with a compact elliptical Gaussian model (deconvolved FWHM
is 0.8 mas) at 5 GHz. There is no evidence of any collimated jet emission towards the
extended lobes detected in the 1.4 GHz MERLIN observations. The fitted positions and
flux densities of the Gaussian model components are presented in Table 5.3. The errors for
the flux densities of A and B were calculated based on the principle described in Fomalont
(1999) (see Appendix C), and the errors on the positions were taken from the AIPS task
jmfit.
5.4 Mass Models
Mass models for the B2108+213 lens system are now investigated. The current best
model has two singular isothermal spheres for galaxies G1 and G2, and an external shear
(McKean et al. 2005). This model reproduces the observed positions and flux densities
of the lensed images, but has no degrees of freedom due to the limited number of obser-
vational constraints. Using the new high resolution VLBI observations presented here,
several cases are dealt with. For instance, whether the image configuration can be better
explained by a single lensing galaxy (G1), or by two galaxies (G1 and G2). Furthermore,
whether component C can be a core lensed image is also tested. Finally, the influence of
the environment on the mass model is investigated. The lens modeling was carried out
using the publicly available code gravlens (Keeton 2001).
5.4.1 Case 1: C as the Active Nucleus of Lensing Galaxy G1
The position of radio component C was used as the position for the lens galaxy G1 in
this case. As can be seen from Table 5.4, the position obtained for component C from
the VLBI imaging is not consistent with the position measured for G1 from the I- and H-
band imaging (F814W and F160W, respectively) with the Hubble Space Telescope. This
is almost certainly due to G1 having a complicated surface brightness profile, particularly
in the infrared. However, the position for component C is consistent with the V-band
(F555W) imaging. Therefore, the position of G2 and the flux ratio between G1 and G2,
which are used in the models, are taken from the V-band data.
As expected from lensing, the three main components of image A can be identified
as the counterparts of the components in image B. However, image A is further resolved
and shows several sub-components in A1 and A2. The compact sub-component A11 is
probably the core, hence it was used as the position for A1. As component A2 is much
more extended, a flux density weighted position was determined from the sub-components
(∆α = −3.8±0.2 mas, ∆δ = −0.7±0.2 mas relative to A11). For component A3 and all
of the components of lensed image B, the positions from Table 5.3 were used. The flux
densities for only A1 (i.e. A11+A12) and B1 were used for the modeling. The total
number of constraints to the lens models provided from the lensed images is 13.
First, the lens as a single galaxy G1, with a singular isothermal sphere (SIS) density
profile and an external shear is considered. This model has 9 parameters (1 for the Einstein
radius, 2 for the shear and position angle, and 6 parameters for the three source positions)
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Table 5.4: The relative positions of both the galaxies from A and the magnitudes measured
with the HST in V, I and H bands (McKean et al. 2005).
Band Filter Comp RA Dec Magnitude
(mas) (mas) (Vega)
V F555W A 0±1 0±1 22.56±0.15
B 2131±3 −4032±4 23.73±0.17
G1 1427±5 −2890±5 19.91±0.11
G2 1273±5 −1786±5 22.59±0.15
I F814W A 0±1 0±1 20.96±0.15
B 2131±2 −4032±3 21.97±0.17
G1 1428±2 −2888±2 17.63±0.11
G2 1275±2 −1786±2 20.61±0.15
H F160W A 0±1 0±1 18.14±0.15
B 2131±2 −4032±3 18.86±0.17
G1 1421±2 −2888±2 15.65±0.11
G2 1263±1 −1795±2 18.36±0.15
and 4 degrees of freedom (dof). The total χ24 of the model is 7.6, where the subscript
refers to the dof, and the results are given in Table 5.5. This simple model fits the data
well, and requires a large Einstein radius of 2.18 arcsec and an external shear of 0.05 at
a position angle of 107.3 deg. The uncertainties on the fitted model parameters that are
given in Table 5.5 are from the 1σ confidence levels (see Press et al. 1992). Fig. 5.10
shows χ2 as a function of each of the parameters that were varied for this model. When
fitting a single parameter, the 1σ confidence level is obtained for the χ2 corresponding to
χ2 − χ2min =1.
Now the contribution of G2, if included as part of the lens potential, is tested. Hence,
galaxy G2 is introduced as a companion lensing galaxy at the same redshift as G1. A
SIS centred on the optical position of G2 was added to the SIS+shear model for G1. For
an isothermal sphere, the Einstein radius (b) can be related to the velocity dispersion i.e.
b ∝ σ2 and hence, the mass. Also, from the Faber-Jackson relation (Faber & Jackson
1976), the luminosity is proportional to the velocity dispersion (L ∝ σ4). Therefore,
the ratio of the optical luminosities of G2 and G1 (see Table 5.4) are used to constrain
their mass ratio by equating bG2/bG1 = 0.29±0.05. Here, the luminosities are calculated
assuming that G2 is at the same redshift as G1 and the error on the ratio takes into account
the errors on the apparent magnitudes only. Note that including G2 in this way does not
increase the degrees of freedom. The total χ24 of the model is 6.95 which is only marginally
better than the single SIS+shear model used for G1. The fitted parameters are given in
Table 5.5. Including G2 lowers the Einstein radius of G1 to 1.71 arcsec and reduces the
shear to 0.04.
Note that if the ratio of the masses is not fixed and the Einstein radius of G2 is left as
a free parameter, then the Einstein radius of G1 is lowered further to 0.76 arcsec and the
shear is reduced to 0.01. Also, the Einstein radius of G2 increases to 1.5 arcsec. Here,
the simplest model that can be fitted needs to have the main lensing galaxy positioned
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Figure 5.10: The χ2 as a function of the parameters for the SIS+shear model are plotted.
The dashed horizontal lines are for χ2 = χ2
min+1. The corresponding values give the 1-σ
confidence level for the respective parameters.
co-linearly between the two lensed images. Since G2 is closest to this, it is taken as the
main perturber and the shear is reduced. The reduced χ2 of this model is 0.9, which
is lower than for the case when the mass ratio is fixed (reduced χ2 = 1.7) and for the
single galaxy model (reduced χ2 = 1.9). In Fig. 5.11, the χ2 plot of the Einstein radii of
G1 and G2 is shown. There is a clear degeneracy between the Einstein radii of G1 and
G2. However, since G1 is clearly the dominant mass clump of the system as shown from
the optical data (see Figs. 5.4 and 5.5), the prior from the optical luminosity is used for
the SIS+SIS+shear model to break this degeneracy and to produce a physically plausible
model.
So far, only an external shear was used to account for any mass ellipticity in the model.
It is clear that some ellipticity is required to account for the non-collinearity between the
lensed images and lensing galaxy G1. The ellipticity in the model could be due to G1
having an elliptical halo. Hence, the external shear was replaced with an elliptical mass
distribution for G1, while a SIS is fixed at the position of G2. The dof of this singular
isothermal ellipsoid (SIE)+SIS model is 4, and the resulting reduced χ2 is 1.6. This model
fits the image positions slightly better than previous models without changing the fitted
parameters significantly (see Table 5.5). The ellipticity of G1 is found to be 0.135 at a
position angle of 105.5 deg. The ellipticity of the surface brightness profile of G1, as
measured from the HST data, is 0.14 at a position angle of 57 deg (McKean et al. 2005).
The offset between the position angle of the halo and the light distribution of G1 suggests
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Figure 5.11: A degeneracy between the Einstein radii of G1 and G2 for the
SIS+SIS+shear model is found (left). Without any constraint on the masses of the galax-
ies, the best fit model requires G2 to be four times more massive than G1, which contra-
dicts the optical luminosities. Introducing a constraint on the mass ratio between G1 and
G2 breaks this degeneracy (right). The intersection point of the dotted lines marks the
minimum in both the plots.
that the environment may also be affecting the shape of the lensing potential. However,
since there are only two lensed images of B2108+213 it is not possible to constrain both an
elliptical potential for G1 and an external shear. Moreover, ellipticity and shear (and also
the presence of another lensing galaxy, G2) will produce similar observable effects. Thus,
the actual origin of the asymmetry between the lensed images and the lensing galaxy G1 is
difficult to verify. For instance, using a SIE+SIS+shear as a toy model artificial data were
generated. The data were modified arbitrarily and a SIE+SIS+shear model was fitted
to these data by varying shear and ellipticity. Fig. 5.12 shows the degeneracy between
different values of shear and ellipticity which combine to give equal χ2 values.
5.4.2 Case 2: C as the Core Lensed Image
Extended mass distributions are expected to produce odd number of lensed images with
the oddth image near the position of the lensing galaxy (Dyer & Roeder 1980; Burke
1981). However, the mass density distribution close to the centre of the lensing galaxy
will affect the magnification of the core lensed (odd) image. For example, an isother-
mal density profile will completely demagnify the core lensed image. Since galaxies are
known to have global density profiles close to isothermal (e.g. Koopmans et al. 2006b),
searches for core lensed images tend to concentrate on asymmetric double image sys-
tems (e.g. Boyce et al. 2006a; Zhang et al. 2007), that is, lens systems where the A:B
flux ratio is greater than 10:1. This is because in these cases the magnification of the
core lensed image is highest and these systems offer the best possible chances of detec-
tion. The only known example of a galaxy-scale lens system with a core lensed image is
PMN J1632−0033 (Winn et al. 2004), which is an asymmetric double with a flux ratio of
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Figure 5.12: The χ2 function for the given range of shear and ellipticity values of a
SIE+SIS+shear does not show a well-behaving function with a minimum. The χ2 in-
creases, as the shear is increased or as the ellipticity is decreased which implies they are
degenerate.
15:1. For B2108+213, the flux ratio of image A to B is about 2:1, so it seems unlikely
that component C could be a core lensed image. However, given the possibility that the
lens potential may be made up of several galaxies, the overall density profile might be
shallower than isothermal. Therefore, different mass models to establish the nature of
component C are now explored.
Throughout this section the position of galaxies G1 and G2 are taken from the V-band
data (McKean et al. 2005) and the mass ratio is fixed. The positions and flux densities of
A, B and C are taken from the global VLBI 5 GHz data (Table 5.3). For the isothermal
models presented in Section 5.4.1, no core lensed image is produced. Therefore, mass
distributions that deviate from isothermal close to the centre of the lensing galaxy G1 are
investigated by inserting a core radius at the inner part of the halo.
A non-singular isothermal Sphere (NIS) halo is used for G1 which has an isothermal
mass profile with a flat density core (i.e. ρ ∝ r0 ). The second lensing galaxy G2 is too far
away for its core properties to significantly affect the magnification of the central image.
Therefore, an SIS profile is chosen for galaxy G2. An external shear is also included
in the model. This new model has three additional constraints from the position and flux
density of component C and 10 free parameters to fit, thereby giving 6 dof. The model fits
the position of component C as a core lensed image well, but cannot fit the flux density,
resulting in a very high total χ26 of 88.6. The best fitting core radius is 0.1 mas (≡ 0.5 pc)
and gives a flux density of 10−6 mJy for the core lensed image, which is still several
orders of magnitude fainter than the observed flux density of component C. This model
fails because a much higher core radius is required to fit the flux density of C, but this
will be at the expense of fitting the position of component C and the positions and flux
densities of the lensed images A and B. Therefore, it seems very unlikely that the third
radio component is a core lensed image because the observed flux-density is just too high.
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Table 5.5: The fitted parameters with the respective 1-σ uncertainties for the single
lensing galaxy case (SIS+shear), and the two lensing galaxy cases (SIS+SIS+shear and
SIE+SIS) with the mass ratio of G2 and G1 fixed. The angular separations (relative to
image A1) and Einstein radii are in milli-arcsecond. The position angle of the shear and
ellipticity is measured in degrees east of north. The superscript ’*’ refers to the values of
the parameters resulting from the fitted models.
Name Fitted values
SIS+shear SIS+SIS+shear SIE+SIS
G1 (α, δ) 1431±1 1431±1 1431±1
−2888±1 −2888±1 −2888±1
G2 (α, δ) 1273±5 1273±5
−1786±5 −1786±5
G1 Einstein 2177±16.0 1711±38 1736±38
radius
G2 Einstein 498±39 506±39
radius
External Shear 0.050±0.007 0.038±0.005
Position angle 107.3+1.3−1.8 105.6+1.5−2.0
Ellipticity 0.135±0.017
Position angle 105.5+1.6−2.1
Source 1 (α, δ)∗ 989.4 1059.0 1057.6
−2110.3 −2058.8 −2021.6
Source 2 (α, δ)∗ 987.7 1057.6 1056.2
−2110.1 −2058.3 −2021.1
Source 3 (α, δ)∗ 985.4 1055.7 1054.4
−2111.3 −2059.1 −2021.7
S BA (S B1/S A1)∗ 0.64 0.63 0.63
5.4.3 Limits on the Density Profile of G1
For dark matter dominated structures like galaxy clusters, the inner density profile of the
mass distribution tends to be quite shallow (i.e. γ ∼ 1–1.5). This is based on the results
from numerical simulations (e.g. Navarro, Frenk & White 1996; Moore et al. 1998) and
from gravitational lensing (e.g. Sand et al. 2005). In this section, an attempt is made to
place constraints on the density profile of the lensing halo, with the aim of determining
whether it is consistent with an isothermal mass profile, or a shallower dark-matter dom-
inated profile. To do this, the core lensed image is assumed not to be coincident with the
component C. An upper limit to the flux-density of a core lensed image is then derived,
using the 3σ flux-density limit determined from the rms map noise (S C ≤ 150 µJy) from
the 5 GHz data.
A group halo with a power-law density profile, ρ ∝ r−γ, centred on the position of G1
is introduced. In addition, a core radius of 0.5, 50, 150 and 250 pc is incorporated. The
model includes an external shear. The VLBI 5 GHz data for lensed images A and B are
used to constrain the model. The Einstein radius, external shear and position angle are
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then optimized for density profiles with γ between 1.4 and 2.3, and for each value of the
core radius. In Fig. 5.13, the relative magnification between lensed image A and a possible
core lensed image C as a function of power-law density profile slope is shown. An upper
limit to the flux-ratio of a possible core lensed image and image A is also marked. First,
it is clear that steeper density profiles result in a more demagnified core lensed image, as
expected. Also, increasing the core radius from 0.005 to 250 pc, increases the magnifica-
tion of the core lensed image. Interestingly, the upper limit to the relative magnification
requires that the density profile of any group halo be steeper than ∼ 1.5.
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Figure 5.13: The relative magnification of image A and a possible core lensed image C
as a function of density power-law slope for a single lensing galaxy (G1) in the absence
of a supermassive black hole. The solid (red) line is for a core radius of 0.005 pc. The
dashed (green), dotted (blue) and dashed-dotted (cyan) lines are for core radii of 50, 150
and 250 pc, respectively. An upper limit to the relative magnification between images A
and C is shown.
The presence of a radio-loud AGN implies that there is also a supermassive black
hole at the centre of the lensing galaxy G1. The presence of a black hole is expected to
increase the number of core lensed images to two, or possibly demagnify a core lensed
image completely, depending on the mass of the black hole (Mao, Witt & Koopmans
2001; Rusin, Keeton & Winn 2005). Using the stellar velocity dispersion of the lensing
galaxy G1 (σv = 360 km s−1; McKean et al. in preparation) and the known correlation
between black hole mass and the stellar velocity dispersion of the host galaxy, the black
hole associated with the AGN within G1 is found to have a mass of ∼109 M⊙. Including
this black hole as a point mass at the centre of the G1 halo results in any core lensed image
being completely destroyed.
The mass models which have G1 as the only lensing galaxy (SIS), or also include G2
as a companion lensing galaxy (SIS) to G1 (SIS or SIE), fitted the positions of the lensed
images well, but failed to recover the flux-ratio; the observed flux ratio is S B/S A = 0.45
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Figure 5.14: The χ2 (left) and the relative magnification between images A and B (right)
as a function of density power-law slope for a single lensing galaxy (G1). The observed
flux-ratio at 5 GHz is shown with a conservative 20 per cent uncertainty in the flux-
densities of images A and B. The solid (red) line is without the inclusion of galaxy G2.
The dashed (green), dotted (blue), dashed-dotted (cyan) and double-dotted (black) lines
are for models that include G2 as a SIS with an Einstein radius of 0.3, 0.5, 0.7 and 0.9 arc-
sec.
at 5 GHz whereas the modeled flux-ratio is ∼ 0.64 (see Table 5.5). The optical flux ratios
are 0.47, 0.40 and 0.23 for the V, I, and H-band data from the Table 5.4, respectively. This
may suggest substructure (see section 5.5.1) or that the overall density profile of the lens
system differs from isothermal, possibly due to the surrounding environment. Therefore,
a different density profile is investigated to test whether it is a better fit to the data. A
variable power-law density profile is used again for G1 in this spherical mass model.
Since an isothermal mass profile is no longer used for G1, it is not possible to fix the ratio
of the Einstein radii of G1 and G2 from their optical luminosities via the Faber–Jackson
relation. Therefore, G2 is included as a singular isothermal sphere with a fixed Einstein
radius of 0, 0.3, 0.5, 0.7 and 0.9 arcsec to test different scenarios. An external shear is also
included. This model has 9 parameters and 13 constraints. In the left panel of Fig. 5.14,
the model χ2 is shown as a function of power-law density slope and for different Einstein
radii for G2. It is clear that those models with a steeper density profile are a better fit to
the data. However, increasing the Einstein radius of G2 also improves the fit, but not to
the extent as to justify shallower mass profiles for G1. Note that for the cases where the
Einstein radii of G2 is 0.7 and 0.9 arcsec, shallow mass profiles for G1 (i.e. γ ≤ 1.7 and
1.5, respectively) produce four lensed images due to the introduction of a new minimum
and saddle point in the time-delay surface. Therefore, these models can be ruled out.
In the right panel of Fig 5.14, the predicted flux-ratio of images A and B is shown as
a function of the density profile of G1 and for the same set of Einstein radii for G2. The
observed flux-ratio at 5 GHz, with a 20 per cent error on the flux densities of images A
and B, is also shown. It is clear that shallow density profiles are inconsistent with the flux
ratio of A and B, if the halo is fixed at the position of G1 (assuming the flux densities
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Figure 5.15: Critical curves (dashed-dotted red lines) and caustics (solid blue lines) for a
single galaxy G1 are shown on the left and including the effect of galaxy G2 are shown
on the right. The figures in the panel represent the following cases: a) SIS+shear b)
SIS+SIS+shear c) power law for G1 (with a slope of γ = 2.45) + shear and d) SIE+SIS.
Also, in panel (c) the radial caustic is not shown owing to its extremely large (∼400 arcsec)
extent which is expected for profiles steeper than isothermal.
are not significantly affected due to variability and a time delay). Furthermore, models
with shallower profiles (i.e. γ ≤ 1.7) require the flux-density of B to be close to that of A,
which is not consistent with the observed flux-ratio. The best fitting models require the
density slope for G1 to be steeper than isothermal (i.e. γ = 2.45+0.19−0.18, for a single spherical
mass model), and are fairly insensitive to the Einstein radius of G2.
Fig. 5.15 shows the critical curves in the image plane and the caustics in the source
plane for four lens models; SIS+shear, SIS+SIS+shear, SIE+shear and power-law for
G1+shear. The filled squares represent the observed positions of the images and galax-
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Figure 5.16: Counterpart components of the lensed image A in lensed image B are iden-
tified with similar symbols. The opposite parity of image B can be seen with respect to
image A. The angular separations on x-axis (relative RA) and y-axis (relative Dec) are in
units of mas.
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Figure 5.17: Time delay surface plots for a) SIS+shear b) SIS+SIS+shear and c) SIE+SIS
models. The levels correspond to -256,-192,-128,-96,-64,-48,-32,-24 and -16 in units of
days with respect to the central maximum near G1. The predicted time delays between
A and B for the respective models are 251.4, 191.3 and 199.7 days assuming a source
redshift of 0.74 (see 5.5.4).
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Figure 5.18: Time delay surface plots for models with decreasing power law profiles for
G1 (i.e. γ = 2.7, 2.0, 1.4; from left to right) and increasing Einstein radii for G2 (bG2 =
0.5 and 0.9 arcsec; from top to bottom). The time delay contour levels are the same as
shown in the previous figure.
ies, and the predicted position of the background source from each of the models. The
background source is located between the radial caustic (blue circle) and the tangential
caustic (blue astroid) as expected for a two image configuration. Note that the radial crit-
ical curves are not produced due to a singularity in the density profile. The tangential
critical curve (red circle) is an approximate estimate of the image separation. It also pre-
dicts the parity of the images depending on their location. Image A has positive parity i.e.
the parity is same as that of the background source. On the other hand, image B shows
negative parity i.e the parity is opposite of that of the background source. This lensing
effect can be verified in images which have more than two non-collinear components as
is the case here (see Fig. 5.16).
B2108+213 has not been monitored for variability and no time delay measurements
are known yet. Nevertheless, the fitted mass models can be used to predict time delays
for the images. The time delay contours are shown in Fig. 5.17 and Fig. 5.18. However,
since the redshift of the background source is not known, it is assumed to be at z =
1.5. Therefore, the predicted time delays are for an illustrative purpose only. The time
delay surfaces showed in Fig. 5.17 are for SIS+shear, SIS+SIS+shear and SIE+SIS mass
models. The time delay surfaces in the upper panel of Fig. 5.18 are for a power-law profile
for G1 (i.e. γ = 2.7, 2.0, 1.4) and an SIS with an Einstein radius of 0.5 arcsec for G2. The
lower panel shows the time delay surfaces for the same models but with a larger Einstein
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radius of 0.9 arcsec for G2. The upper panel (or the lower panel) indicates that for a given
Einstein radius of G2, the topology of the time delay surface is affected significantly for
a profile which is shallower than isothermal for G1. Also, the central maximum starts
shifting towards G2. The panels (f) and (i) indicate that as G2 becomes more massive (i.e.
has a larger Einstein radius) for a given profile (γ = 1.4) for G1, the location of the central
maximum is again pulled towards G2. This introduces an additional pair of images and
changes the flux ratios of the images. Since these models are not consistent with the data,
they are ruled out.
5.5 Discussion
The aims of this chapter were to extract information from the high resolution structure in
the lensed images, to determine the nature of the third radio component and to investigate
the B2108+213 lensing potential, with particular emphasis on the contribution of the
second lensing galaxy and the group environment. The extent to which these aims have
been met is now discussed.
5.5.1 Flux-Density Ratio of the Images
As was shown for MG 2016+112 in section 4.4.2, a relative magnification matrix can be
defined for the lensed images of B2108+213. Well resolved and non-collinear structure
allows the determination of the relative magnification matrix with a higher accuracy. In
the case of B2108+213, it is possible to calculate the magnification matrix but a large
error is expected due to the uncertainties in the astrometric measurements of features with
low SNR and because of the uncertainties from the small degree of non-collinearity of the
image features.
The first step in calculating the magnification matrix is to identify the counterpart
components in the two lensed images. Since both of the images (A and B) have clearly
identifiable core-jet structure, these are used. Now, consider the vectors A1 (A1x, A1y),
A3 (A3x, A3y), B1 (B1x, B1y) and B3 (B3x, B3y) where A2(0,0) and B2(0,0) are at the origin
as shown in Fig. 5.19. The solid lines of image A are mapped on to the dashed lines of
image B. Mathematically, the mapping is given by the relative magnification matrix as
B1 =
(
M11 M12
M21 M22
) (
A1x
A1y
)
= M12i j A1 . (5.1)
The vector B3 is mapped to A3 and is defined similar to Eq. 5.1. The elements of the
matrix can then be determined by solving Eq. 5.1 for vectors B1 and B3 simultaneously.
Thus, the magnification matrix is found to be,
( −0.42 −0.31
−0.56 0.17
)
and the determinant
is −0.27 (the negative sign here implies the images have opposite parity). Monte Carlo
realizations of the image positions using the astrometric uncertainties have been used to
sample the probability distribution of the determinant given the data. The median of this
distribution and the 68 per cent confidence interval is given by −0.26±0.28 (see Appendix
D). The observed flux-density ratio is S B/S A = 0.45±0.13 and the error is derived from
the 20 per cent uncertainty on the flux-densities of A and B. Although, they appear to
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Figure 5.19: The vectors of images A (red) and B (green) with their respective origins A2
and B2 are shown to be overlapped. The arrows (black) correspond to the eigenvectors e1
and e2 of the relative magnification matrix. The eigenvalue of e1 is 0.39 and that of e2 is
−0.63. The vectors of image A are decomposed along the eigenvectors and scaled by the
eigenvalues to obtain the respective vectors in image B.
be consistent, the estimate of the determinant is not very precise as anticipated from the
uncertainties involved.
5.5.2 The Lensing Potential
The new 1.7 and 5 GHz data presented here have found compact and extended emission
from the two lensed images A and B which is consistent with gravitational lensing. The
surface brightnesses of the two lensed images are the same as expected for gravitational
lensing. Furthermore, since three non-collinear sub-components were detected in the
5 GHz data of images A and B, the expected parity reversal has also been observed. In
Fig. 5.20, the spectral energy distributions of images A and B in the radio are shown.
These spectra have been constructed using the data presented here and from the data
presented by McKean et al. (2005). It is clear that both lensed images have very similar
flat radio spectra. Note that the MERLIN 1.4 GHz flux-densities are much higher than
the VLBA 1.7 GHz flux-densities for images A and B. This is either due to a calibration
error in the MERLIN data, or more likely, that extended jet emission from the two lensed
images has been resolved out by the high resolution 1.7 GHz imaging.
Isothermal mass models which have only G1 as the lensing galaxy or which include
the companion lensing galaxy G2, are found to fit the data well. However, the two lens
galaxy model appears to be a slightly better fit. Both of these lens models are a good
fit to the positions of the lensed images, but do not fit the flux-ratio well. This could be
due to variability and a time delay in the radio-loud lensed images, or may indicate that
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Figure 5.20: The radio spectra of lensed images A and B, and component C. The 1.4,
1.7 and 5 GHz data points are from this paper. The rest of the data points are taken from
McKean et al. (2005).
a more complex mass model including additional group galaxies is required. Although
B2108+213 has not been monitored for variability there are 3 independent observations
carried out with MERLIN and the VLBA at 5 GHz to a low surface-brightness limit. As
can be seen from Fig. 5.20 the flux-densities from these observations are consistent to
within their uncertainties. It seems likely that the group environment is playing a role in
the image splitting of B2108+213. The dark matter dominated halos, that is, those with
shallow density profiles (γ ≤ 1.5) seem not to be consistent with the observed flux-ratios
of the lensed images, or the non-detection of a core lensed image (in the absence of a
supermassive black hole). In fact, density profiles that are steeper than isothermal are
preferred. Even though the density profiles of isolated galaxies appear to be consistent
with isothermal (e.g. Koopmans et al. 2006b), it is predicted that galaxies undergoing
an interaction can have density profiles that are steeper than isothermal for . 0.5 Gyr
after the initial interaction, before returning to the original isothermal state (Dobke, King
& Fellhauer 2007). Given the close proximity of galaxy G2, this scenario is certainly
consistent with the lens system B2108+213. However, further observations will need to
be carried out to confirm that the density profile of G1 is steeper than isothermal. In
particular, measuring the redshift and stellar velocity dispersion of the companion galaxy
G2, coupled with the source redshift, will allow the inner density profile of the lensing
mass distribution to be determined. Also, if the background source yields a time-delay in
the future, then the density profile can be found by assuming the Hubble constant (e.g.
Dobke & King 2006; Auger et al. 2007b; Read, Saha & Maccio´ 2007). Since all of
the mass models tested here require an external shear of ∼ 4–5 per cent, it is likely that
additional group/cluster galaxies are contributing to the overall potential.
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5.5.3 A Radio-loud Lensing Galaxy
It seems almost certainly the case, for several reasons, that the compact emission from
radio component C is due to a radio-loud AGN hosted within the main lensing galaxy
G1. First, as can be clearly seen from Fig. 5.20, the radio spectrum of component C is
rising from 1.4 to 22.46 GHz, whereas the radio spectra of the lensed images A and B are
flat. The spectral index of component C is α22.461.4 = 0.51±0.01. The spectral difference
between component C and the two lensed images could be due to free-free absorption
from the inter-stellar medium of the lensing galaxy (e.g. as in the case of PMN 1632-
0033; Winn et al. 2004). However, the effect of free-free absorption is known to be a
strong function of frequency, and the spectrum of component C shows no curvature and
is constantly rising from 1.4 to 22.46 GHz. Second, the radio emission is coincident with
the optical position of the lensing galaxy G1, as expected for an AGN. Third, although
it is possible to fit a core lensed image at the position of component C, the flux-density
of component C is much too large to be a third lensed image. Note that this would be
exacerbated if component C has been affected by free-free absorption.
The classification of component C as the core of an AGN within G1 is also consistent
with the extended lobe emission detected on either side of the lensing galaxy from the
MERLIN 1.4 GHz imaging. Moreover, the diffuse lobed morphology of the extended
emission is as expected for a Fanaroff-Riley type I radio source (FR I; Fanaroff & Riley
1974). There are no highly collimated jets or hotspots which are typically seen in the more
powerful FR II sources. The total 1.4 GHz rest-frame luminosity of the radio emission as-
sociated with G1 is L1.4 ∼ 1025 W Hz−1 (this assumes a spectral index of α = −0.8 for the
lobe emission). Extrapolating this luminosity to 178 MHz gives L0.178 ∼ 1024 W Hz−1 sr−1,
which is below the FR I–FR II luminosity divide of L0.178 ∼ 1025 W Hz−1 sr−1 (Fanaroff
& Riley 1974). Finally, the absolute R-band magnitude of the lensing galaxy G1 is
MR = −24. From the correlation between the rest-frame 1.4 GHz luminosity and the
absolute R-band magnitude of the host galaxy (see Fig. 5.21; Ledlow & Owen 1996),
which divides sources into FR I and FR II, the G1 radio source is found in the FR I region.
Although component C appears to be unresolved in the 1.4 GHz MERLIN and 1.7 GHz
VLBA imaging, the presence of the extended jet emission may explain why component
C was slightly extended in the MERLIN 5 GHz map presented by McKean et al. (2005).
There are now two gravitational lens systems from the CLASS survey with a known
radio-loud lensing galaxy; the other is CLASS B2045+265 (Fassnacht et al. 1999; McK-
ean et al. 2007). This gives a fraction of 11±8 per cent for lens galaxies with a radio-loud
AGN from CLASS. This agrees closely with deep radio imaging of optically selected
gravitational lens candidates from the Sloan Digital Sky Survey (∼10 per cent; Boyce et
al. 2006b).
It is possible to probe different lines-of-sight by searching for differences in the prop-
erties of lensed images, which should be identical in the absence of variability. Since
image separations are typically only ∼ 0.5–1.5 arcsec, it is the lensing galaxy which is
mostly being probed. This technique has been most successful at optical wavelengths
where the dust extinction along the lines-of-sight to each of the lensed images has been
used to test galactic extinction laws in high redshift lens galaxies (Falco et al. 1999; Wuck-
nitz et al. 2003; Elı´asdo´ttir et al. 2006). At radio wavelengths, free-free absorption of one
(or more) of the lensed images has probed the ISM of the lensing galaxy (e.g. Winn et al.
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Figure 5.21: The radio-optical correlation was found for the population of FR I and FR
II sources by Ledlow & Owen 1996 in their sample of host galaxies. The ’X’ marks
the approximate location of the lensing galaxy G1 of B2108+213 using their cosmology
(H0 = 75 km s−1 Mpc−1,q0 = 0). Note that a different cosmology is used in this thesis.
As a result, the difference in the magnitudes is ∼ 0.3. However, it does not affect the
qualitative conclusion of B2108+213 as an FR I source.
2003; Mittal et al. 2007). B2108+213 has an unique situation of a radio lobe from an
AGN within the lensing galaxy passing in front of one of the lensed images (see Fig. 5.7).
Therefore, B2108+213 can be used to probe the composition of an FR I radio jet. As can
be seen from Fig. 5.20, the flux-ratio between images A and B is almost constant from
1.4 to 8.46 GHz4. As such, there is no evidence of free-free absorption of the flux-density
of image B. Another possible propagation effect is Faraday depolarization/rotation of the
emission from lensed image B as it passes through the magnetized plasma of the radio-jet.
However, the MERLIN data presented here were not deep enough to establish whether or
not image B has been depolarized. The background source is found to be polarized by
∼ 4 per cent at 1.4 GHz from the data obtained for lensed image A. Therefore, further
radio imaging should be carried out to determine if the properties of image B have been
affected by the radio jet.
5.5.4 Estimating the Source Redshift
Since the spectrum of the background quasar of B2108+213 is found to be featureless, the
determination of a spectroscopic redshift has been evasive. Therefore, an indirect method
to estimate the redshift is attempted in this section.
The redshift of the background source can be estimated provided the stellar velocity
4The 22.46 GHz value has been determined by assuming the flux-ratio is unchanged at 22.46 GHz - see
McKean et al. (2005) for details.
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distribution and the Einstein radius of the lensing galaxy are known. For an isothermal
mass distribution, the Einstein radius (b) of the lens is known to have a simple relation
with the velocity dispersion (σ) given by
b = 4πσ
2
c
Dls
Ds
(5.2)
where Dls is the angular diameter distance between the lens and source and Ds is between
the observer and the source. The angular diameter distance between redshifts z1 and z2 is
expressed as
Dang(z1, z2) = a(z2)
a(z1) fk[w(z1, z2)] (5.3)
which relates the angular sizes of objects at a redshift z2 as seen from a redshift z1 to their
physical sizes. Here a(z) is the scale factor, fk (w) is a function of the curvature k and
w(z), w(z1, z2) is the comoving distance (see Appendix D for details) given by
w(z1, z2) = cH0
∫ a(z2)
a(z1)
da
a2E(a) (5.4)
E(a) is obtained from Friedmann’s equation.
E(a) =
√
Ωr0a−4 + Ωm0a−3 + ΩΛ0 + ΩKa−2 (5.5)
where Ωm0 = 0.3 and ΩΛ0 = 0.7 and other factors can be neglected from the WMAP
results.
Now, using the Einstein radius = 1.711±0.038 from Table 5.5, σ = 360±30 km s−1
(McKean et al. in prep) and the redshift of the lens (zl=0.365), the source redshift zs is
calculated by finding the root of R(zs) which is defined as
R(zs) = bc4πσ2 −
Dls
Ds
(5.6)
Thus, the solution of Eq. 5.6 gives a redshift of z = 0.74 for the source. Instead of
solving the root of the Eqn. 5.6, a range of velocity dispersions can be calculated as a
function of redshift as shown in Fig. 5.22. The redshift corresponding to the measured
velocity dispersion (σ = 360 km s−1) then gives the source redshift (i.e. z = 0.74).
5.6 Conclusions
The new high resolution MERLIN and VLBI imaging of the gravitational lens system
B2108+213, whose wide image separation is consistent with a massive lensing galaxy or
possibly a group of galaxies, have been presented. The VLBI imaging at 1.7 and 5 GHz
found extended emission in the lensed images whose surface brightness and parities are
consistent with gravitational lensing. Using the new constraints provided from the two
lensed images, mass models for the B2108+213 lens potential were tested. The properties
of the lensed images were found to be consistent with either a single massive lensing
galaxy, or a two galaxy lens model which accounts for a nearby companion to the main
lensing galaxy. In these cases the companion G2 was always represented by a singular
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Figure 5.22: The velocity dispersion of an isothermal profile for G1 as a function of
redshift. The measured velocity dispersion of 360 km s−1 implies a source redshift of
0.74. The double-dotted lines are the errors on the velocity dispersion measurement.
isothermal sphere whereas the main galaxy was modeled as both an isothermal sphere
and ellipsoid. Steeper than isothermal density profiles for the main lensing galaxy were a
better fit to the data. Further models which include additional group galaxies will be tested
when a spectroscopic survey of the B2108+213 local environment has been completed.
Emission from the third radio component, which is coincident with the optical po-
sition of the main lensing galaxy, was found for the first time at mas-scales at both 1.7
and 5 GHz. Furthermore, MERLIN imaging at 1.4 GHz detected extended low surface
brightness emission on either side of the third radio component. This jet emission has a
morphology and luminosity which is consistent with an FR I type radio source. Attempts
to model the radio core of the third radio component as a core lensed image failed because
it was not possible to fit the observed flux-density (to within several orders of magnitude)
by using a core radius and/or a variable power-law density profile for the main lensing
galaxy. Therefore, the third radio component is definitely due to emission from an AGN
embedded within the main lensing galaxy.
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In this thesis, a tale of two wide separation lens systems was described1. The lens systems
with large image separations are found to lie in dense environments like groups or clusters
(e.g., Keeton et al. 2000b; Oguri 2006). Amongst many other applications, lensing is
used as a probe of the sub-halo population (e.g., Dalal & Kochanek 2002; Shin & Evans
2008). Furthermore, lensing is used to study the mass distribution of the lensing galaxies
and contribution of the lens environments (e.g., Momcheva et al. 2006; Auger 2008).
With the above applications in mind, the research carried out on two lens systems MG
2016+112 and B2108+213 is summarized in this chapter.
MG 2016+112
MG 2016+112 was observed both at 1.7 and 5 GHz using MERLIN and VLBI simulta-
neously and at 8.4 GHz using the HSA. The observations at each frequency were carried
out at separate epochs. From the observations of MG 2016+112 presented here, three
new components were found in images A and B. All of the components (two compo-
nents in each A and B, and four components in region C) known from previous data were
also detected in these observations. The total spectra of A and B are similar whereas
the spectrum of C is different as suggested from previous data. The spectra of all of the
components in A (and B) were found to be steep between 5 and 8.4 GHz. On the other
hand for image A, between 1.7 and 5 GHz the spectra were steep with the exception of
component A2 which has a much flatter spectrum than the rest of the four components2.
The spectra of the inner pair of extended components in region C were found to be flatter
than the spectra of the outer pair of components as known from previous observations.
The new observational constraints were used to test numerous mass models. One of
the aims of conducting high resolution and high sensitivity observations was to test the
mass model of Koopmans et al. (2002b, henceforth, K02). The K02 model predicted
component 2 and any new components to its north-west as quadruply imaged. Since
component 5 in image A and B was detected to the north-west of component 2, it should
be quadruply imaged. According to the prediction of K02 mass model, a pair of images of
component 5 should be situated in region C on either side of the critical curve. This pair
was predicted to have ∼10 times higher flux density than their counterparts in images A
1Admittedly, the research work presented here does not involve as interesting a plot as was conceived
by the author of A Tale of Two Cities. Nevertheless, like the two lead baryonic characters with contrasting
personalities and sharing one love in the book, the two lens systems under scrutiny (which are much more
than just baryons) with dissimilar properties allow to probe the mysterious (dark) matter in the Universe.
2In image B, it was not possible to resolve B3 and B2. Hence, the spectrum of the individual component
B2 could not be determined.
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and B. The simultaneous observations with MERLIN had the apt resolution and sensitivity
to detect such components. An inspection of the 5 GHz MERLIN maps suggested no
new components in region C. A test was performed on the MERLIN data to ensure that
the observations had the desired resolution and sensitivity to detect the expected pair of
images of component 5. Artifical Gaussian components were introduced in the data with
the expected position and size, assuming that lensing conserves the surface brightness of
these components and the components have circular shapes. The artificial components
were reproduced in the MERLIN images presented here. This led to the conclusion that
the K02 model was not acceptable.
Next, new mass models were investigated that with the aim of fitting the new data
especially the asymmetric separation of components in region C (which was ignored in
the K02 model). The components in region C are merging pairs of partial images of the
background quasar and their counterparts in the components of images A and B are not
well-identified. Thus, various scenarios were tested by associating the pair in region C
with different regions in images A and B. These scenarios were tested for SIE+SIS+shear
and SIE+SIS+SIS+shear models. The acceptable scenarios include those where region
C was associated with either component 5 or an unseen component to the north-west
of component 5. The best reduced χ2 was ∼3.5 for the SIE+SIS+shear model, which
included the main lensing galaxy D (SIE) and the luminous satellite G1 (SIS). Although
G1 was found to be largely responsible for causing the asymmetric separation of the
components in region C, an even more complex model is perhaps required to fit the data
better (i.e. expected reduced χ2 ∼ 1).
The relative magnification matrix mapping is linear when inspected over small regions
in the image plane and certainly holds true for regions far from the critical curves. Images
A and B satisfy these conditions and the non-collinear components in images A and B
were used to calculate the relative magnification matrix mapping between image A and
image B. In the absence of substructure in the vicinity of these images, the determinant
of the matrix mapping should equal the observed flux density ratio of the images. No
detectable substructure was found in images A and B. An upper limit on the mass of the
substructure near images A and B could be found from the Einstein radius (i.e. half of
the mean component separation) and assuming a point mass for the substructure. Thus,
for an Einstein radius θE = 3 mas, a substructure in image A or B must be . 107 M⊙ at
the lens redshift to produce no observable effects. From the SIE+SIS+shear model, the
velocity dispersion of the lensing galaxy D was estimated as 343 km s−1 consistent with
the measured central stellar velocity dispersion (Koopmans & Treu 2002a). Furthermore,
the satellite galaxy G1 was estimated to have a mass of ∼1010 M⊙ and a velocity dispersion
of ∼100 km s−1 which is consistent with the estimates of Chen et al. (2007).
Future work: Perhaps the blind men have come to share a common perspective, until
the devil reveals its other dark sides, that is, radio astronomers have come to a conclusion
that in the lens plane of MG 2016+112 the luminous substructure is certainly required
but one should expect the unexpected. The source of uncertainties in the mass models
presented here are unclear. Nevertheless, further complicated mass models for example,
by introducing a gradient in the mass or higher order multipoles in the potential should be
tested. On the other hand, the background quasar in MG 2016+112 is a type II quasar and
is not well-studied. Its complicated morphology, rich multi-wavelength structure lensed at
different spatial scales and low flux density in spite of being lensed has made it difficult to
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decipher the properties of this high redshift quasar. Further deep observations at multiple
wavelengths are needed to investigate the morphological and evolutionary stage of this
type II quasar in order to compare it with other high (or similar) redshift quasars.
B2108+213
Radio observations of B2108+213 at 1.7 and 5 GHz using VLBI and at 1.4 GHz using
MERLIN, carried out at different epochs, were presented. Three radio components A,
B and (for the first time using VLBI) C were detected in all observations. Both of the
lensed images A and B showed core-jet structure with the expected opposite parity in the
features although with low degree of non-collinearity whereas component C was found
to be compact. Component C was known to have a spectrum different from those of
images A and B. The spectral analysis from the new observations presented here were
in agreement with the previous results. From the MERLIN imaging at 1.4 GHz, low
surface brightness emission centred at component C, and extended on either side of C,
was detected. Therefore, the third radio component was identified as the AGN of the
lensing galaxy at a redshift z = 0.365. The extended emission was found to be the radio
lobes of the AGN. The estimate of the radio power from this region, minus the emission
from A and B, was found to be consistent with the lensing galaxy being a FR I type radio
galaxy. This is the first case where a massive elliptical lensing galaxy has an AGN with
an FR I-like radio lobes.
It was not clear whether the compact radio component of C is a third lensed image or
an AGN embedded within the lens galaxy G1 due to its proximity to the optical position
of G1. Although the spectral analysis and the new MERLIN imaging presented here
suggested that component C corresponds to an AGN of the lensing galaxy, new mass
models were tested to confirm this conclusion. Profiles with constant-density cores were
investigated which can produce odd images but with a demagnified flux density of the
odd image. No mass model could simultaneously fit the position and the flux density of
component C. Either the predicted odd image was situated much farther from the lens
galaxy G1 than the position of component C or the flux density was lower by several
orders as compared to the observed flux density of component C. Thus, both the mass
model predictions and the observations confirmed the status of C as an AGN within the
lens galaxy G1.
From optical imaging, the lens galaxy G1 showed a close companion G2 to the line-
of-sight. The lens galaxy G1 was not only known to belong to a group of galaxies but
was also known to be the Brightest Group Galaxy (BGG). A recent X-ray analysis has
indicated a pair of actively interacting galaxy-groups with the lens galaxy of B2108+213
as the BGG of one of the groups (Fassnacht et al. 2007). The constraints from previous
observations (McKean et al. 2005) were not sufficient to test various mass models. The
new observational results presented here provide enough constraints and hence, several
mass models were tested. Most of the image splitting (∼4.6 arcsec) was found to be due to
the main galaxy G1 with an isothermal profile. Since the flux ratios were not fitted well,
profiles other than isothermal for G1 were tested. The best-fit profile was found to be
for a slope of γ = 2.45+0.19−0.18. From recent simulations, lens galaxies interacting with their
companions were shown to have a steepened profile shortly after their initial interaction
(.0.5 Gyr) before returning to an isothermal state (Dobke et al. 2007). Furthermore, an
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analysis of fifteen lens galaxies from the SLACS also suggested that those lens galaxies
which were best fitted with a steeper than isothermal profile had a close companion (Auger
2008). Thus, the results presented here suggested that lens galaxy G1 was interacting with
the companion galaxy G2.
The background quasar is known to have a featureless spectrum and hence, believed
to be a BL Lac type quasar. Thus, there is no redshift measurement for the lensed quasar.
Using the Einstein radius of G1 as 1.711 arcsec from mass models presented here and the
stellar velocity dispersion of 360 km s−1 from McKean et al. (in prep.), the source redshift
was estimated to be z = 0.74.
Future work: The results of the new mass models suggested that lens galaxy G1 has a
steeper than isothermal profile due to the interaction with the companion galaxy G2. This
could be tested by measuring the redshift and velocity dispersion of G2, and the redshift
of the background quasar. Furthermore, a measurement of the relative time delay of the
images could also constrain the density profile.
Since polarization is not affected by lensing and B2108+213 has the unique situation
of one lensed image (B) seen through the radio lobe whereas the other lensed image (A)
is not contaminated due to any radio emission from the lens galaxy, multi-frequency po-
larization observations of B2108+213 must be performed using the extended Very Large
Array (eVLA). These new observations may allow the polarization of each image to be
measured which could then be compared to find any relative Faraday rotation between the
two lensed images due to the magnetic field from the radio lobes.
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A Cosmological concepts and terms
Observations suggest that the large scale properties of the Universe are invariant under
translations and rotations. The translation symmetry is a manifestation of the homogene-
ity while the rotational symmetry is a manifestation of the isotropy in the Universe. The
metric in such a spacetime can be written as
ds2 = c2dt2 − a2(t)
[
dχ2 + f 2k (χ)
(dθ2 + sin2 θdφ2)] . (A.1)
This is called the Friedmann-Robertson-Walker (FRW) metric. Here, c is the speed of
light and a(t) (henceforth, a) is the time dependent scale factor. The scale factor is nor-
malized such that its value today (t = t0) is unity. t is the time measured by the observers
which are stationary at coordinates denoted by (χ, θ, φ). The coordinates θ and φ are the
angular coordinates while χ is the coordinate in a radial direction. The factor fk(χ) de-
pends upon the geometry of the Universe which determines the sign of the parameter k.
The results from cosmic microwave background experiments suggest that the Universe is
flat which implies k = 0. In a flat Universe the factor f0(χ) = χ and the metric equation
is,
ds2 = c2dt2 − a2(t)
[
dχ2 + χ2 (dθ2 + sin2 θdφ2)] . (A.2)
The spatial part of this metric is Euclidean and is scaled by the scale factor.
A comoving distance is that distance between two points in space which does not
change as a function of time. The corresponding coordinates (χ, θ, φ) are called comoving
coordinates. The physical distance x between two points in space is then time depen-
dent because x = χ a 1 and the scale factor is time dependent. As a result, the physical
separation between any two points today (t = t0) is the comoving distance.
Einstein’s field equations relate the metric to the matter content in the Universe by,
Gµν =
8πG
c2
Tµν , (A.3)
where G is the gravitational constant, Gµν is the Einstein tensor while Tµν describes the
energy density of the Universe. The labels µ and ν run over the time index (0) and the
three spatial indices (1, 2 and 3). The homogeneity and isotropy of the Universe also
implies that the matter content can be described in terms of a perfect fluid with energy
density ρ(t) and pressure p(t). The energy momentum tensor is diagonal and is given
by (ρ c2,−p,−p,−p)2 which has only two independent parameters. The two independent
Einstein’s equations are
−3 a¨
a
= 4πG (ρ + 3 p) , (A.4)
1Assuming a comoving distance in the radial direction (i.e. θ = 0 and φ = 0) for simplicity.
2Only the diagonal elements are given here for simplicity
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and
a¨
a
+ 2 (a˙/a)2 = 4πG(ρ − p) . (A.5)
Rearranging Eq. A.4 and A.5 gives the first and second order differential equations in
terms of the scale factor and are expressed as(
a˙
a
)2
=
8πG
3 ρ (A.6)
and (
a¨
a
)
= −4πG
3
(ρ + 3 p) . (A.7)
These are called Friedmann’s equations. The Hubble parameter is defined as
H ≡
(
a˙
a
)
, (A.8)
and represents the rate of expansion. Assuming conservation of energy, an equation gov-
erning the time evolution of the energy density ρ and pressure p can be found as
∂
∂t
ρ + 3 a˙
a
(ρ + p) = 0 . (A.9)
Let the equation of state which relates the energy density ρ with pressure p to be
p = wρ . (A.10)
For various species in the Universe, the equation of state parameter is found to assume
different values, that is, w = 0 for nonrelativistic matter, w = 1/3 for radiation and w = −1
for dark energy. The total energy density is then a sum of the energy densities of the three
species,
ρ = ρm + ρr + ρΛ . (A.11)
Substituting p from the equation of state in the time evolution equation (Eq. A.9) then
gives the variation of the energy density ρs of any of the species ‘s’, independently, as a
function of the scale factor,
ρs = ρs,0a
−3(1+w) , (A.12)
where ρs,0 is the energy density of a species at t = t0. The matter energy density falls
as a−3, since the number density of matter decreases due to the expansion of space. The
energy density of photons falls as a−4, which reflects a combined effect of a decrease in
their number density as a−3 and a decrease in their momentum as a−1 due to the expansion.
Photons of wavelength λ1 emitted at scale factor a1 that arrive today (t = t0) have a
wavelength λ0 which is related to the scale factor by
λ0
λ1
=
1
a1
. (A.13)
Hence the redshift z1 is related to a1 by
z1 =
λ0 − λ1
λ1
=
1 − a1
a1
. (A.14)
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Therefore, the scale factor is conveniently expressed as a function of redshift,
a =
1
1 + z
. (A.15)
The energy density ρs,0 of species ‘s’ today (t = t0) is often expressed in terms of a
dimensionless cosmological parameter Ωs defined as
Ωs =
8πG
3H20
ρs,0 , (A.16)
where H0 is the Hubble parameter for t = t0 commonly called the Hubble constant. The
evolution of the scale factor can be calculated by using Eq. A.6 and A.12 in terms of the
cosmological parameters. For a flat Universe this is then,(
a˙
a
)2
= H20
(
Ωm
a3
+
Ωr
a4
+ ΩΛ
)
= H20 E(a) , (A.17)
where the cosmological parameters are constrained from the CMB observations. Recent
results from the Wilkinson Microwave Anisotropy Probe (WMAP) data release suggest
that Ωm = 0.258 ± 0.030, ΩΛ = 0.742 ± 0.030 and h = 0.719+0.026−0.027 (Dunkley et al. 2008).
Here, h is a dimensionless parameter generally used to express the Hubble constant as
H0 = 100 h km s−1 Mpc−1. The scale factor as a function of time can be found out by
integrating Eq. A.17 numerically.
A.1 Distances in cosmology
The simplest distance that can be found from the metric is the comoving distance χ1 to a
redshift of z1 where the scale factor is a1. The path of light in the Universe is described
by null geodesics and a light ray which propagates radially has dθ = 0 and dφ = 0, then
a dχ = −c dt = −c da
a˙
. (A.18)
Using Eq. A.17 and integrating Eq. A.18 gives
χ1 =
c
H0
∫ 1
a1
da
a2 (Ωma−3 + Ωra−4 + ΩΛ)1/2 . (A.19)
For the purpose of gravitational lensing, physical distances at different redshifts have to
be routinely converted into angles as seen at a given redshift. Hence, the most useful
distance measure is the angular diameter distance. The physical size of an object, ξ1, at
redshift of z1 is related to the angular size of the object, θ1, measured today (i.e. z = 0) as
ξ1 = Dang(0, z1) θ1 . (A.20)
Consider an observer at redshift z = 0 to be situated at the centre of a circle such that the
radius of the circle is the comoving distance χ1. The angle subtended at the observer by
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the circle is 2π and the physical size of the circle at redshift z1 is 2πχ1a1 (assuming a flat
Universe). Consider an angular element ξ1 on the circle with a physical size θ1, then
ξ1
2π χ1 a1
=
θ1
2π
. (A.21)
Comparing Eq. A.20 and A.21, the angular diameter distance of the circle as seen from
z = 0 is given by
Dang(0, z1) = a1χ1 . (A.22)
Similarly, it can be shown that the angular distance between redshifts z1 and z2 is
Dang(z1, z2) = a2 (χ2 − χ1) . (A.23)
Another commonly used distance measure is the luminosity distance. The luminosity
distance Dl to a redshift z1 is defined via the flux F received today (i.e. z = 0) from a
source with an intrinsic luminosity L at redshift z1 by
F =
L
4πD2l
. (A.24)
The luminosity distance and the angular diameter distance are related by the Etherington
relation as
Dl(z) = (1 + z)2Dang(z) . (A.25)
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Various methods are known in order to perform chi-squared minimization (a technique to
find a best-fitting model) (Press et al. 1992). One such method is Powell’s minimization
which was used in the Gaussian model fitting and is described below. Powell’s method
uses a set of direction vectors to probe the gradient in the n-dimensional parameter space,
starting with an initial guess and minimizes the χ2 along these directions to reach the
minimum in the parameter space.
An example
Consider a three dimensional parameter space (p1, p2, p3) for simplicity. Let the initial
guess be (p10, p20, p30) for the first iteration, then the χ2 is minimized say, along p1 in the
parameter space. Let the least χ2 thus found be at (p11, p20, p30). Now, choosing (p11,
p20, p30) as the initial point, the χ2 is minimized along parameter p2 and let (p11, p21, p30)
be the point for which a least χ2 is obtained. Once again starting with (p11, p21, p30), the
χ2 function is now minimized along p3 such that the minimum occurs at (p11, p21, p31).
This marks the end of the first iteration that estimates a direction of descent. Let e¯1 be the
vector joining the initial guess point (p10, p20, p30) and the final point (p11, p21,p31) in the
three dimensional parameter space.
Similar to the first iteration, the χ2 is minimized individually but along p2 and p3, and
the new direction vector e¯1 (instead of p1) in the second iteration. Let the final minimum
be obtained at (p12, p22, p32) and the vector joining the minimum to (p11, p21,p31) be e¯2. In
the third iteration, the minimization is carried out along the vectors e¯1, e¯2 and p3. Every
new vector is directed towards a steeper descent. The minimization is continued till the
∆χ2 between the previous and current iteration is a small number. To ensure that a global
minimum is reached, the above described process is repeated with a different set of initial
guess parameters.
In summary, the above example when generalized to an n-dimensional parameter space
will work as follows. Starting with a point as an initial guess in the parameter space, the
χ2 function is minimized in n steps along one vector direction at a time. At the end of the
first n-step iteration, a direction of descent is found by the vector e¯1 connecting the first
best fit parameters to the initial guess value of the parameters. Next, minimizing along e¯1
and any (n−1) parameters such that the minimization is always along one vector direction
at a time. At the end of the second n-step iteration, a new vector e¯2 is determined by
connecting the second best fit parameters to the first best fit parameters. The third iteration
is continued by minimizing along vectors e¯1 and e¯2, and any of the n−2 parameters. The
iterations are repeated till the χ2 values from the last and the current iterations are not
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significantly different. This method converges to the local minimum and needs a good
initial guess of the parameters.
With Powell’s minimization method, multiple Gaussian components can be fitted to
data and the fitted parameters are supplied without any uncertainties arising either from
the data or from the model fitting procedure. There are other methods (e.g. Levenberg-
Marquardt method) that output the errors however, Powell’s method is simpler to imple-
ment. Hence, Powell’s method was used and the uncertainties on the fitted parameters
were determined based on the method outlined in Fomalont (1999) for error determina-
tion.
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C Analytical approximations to
estimate errors
The procedure of model fitting has uncertainties associated with the output quantities.
From the model fitting to features in interferometric radio images, the uncertainties are
dependent on the signal-to-noise of the detection. An analytical approximation to the un-
certainties of the parameters based on the approach outlined by Fomalont (1999, Lobanov
priv. comm.). Let the following be the modeled parameters such that S peak is the peak
flux density, S tot is the total flux density and let the σrms be the post-fit rms noise of the
residual map1. The uncertainty in the modeled peak flux-density is then given by,
σpeak = σrms
(
1 +
S peak
σrms
)1/2
. (C.1)
Incorporating the uncertainties from the calibration of the data (σc) gives the total uncer-
tainty in the peak flux-density as
σp =
(
σ2peak + σ
2
c
)1/2
. (C.2)
The uncertainty in the modeled total flux-density is
σtot = σp
(
1 +
S 2tot
S 2peak
)1/2
. (C.3)
Let d be the size of a component2, then the uncertainty in the modeled peak position is
σd =
σrms d
2 S peak
. (C.4)
The uncertainties determined using the above equations are true to first order. The dif-
ference between the true errors and analytically estimated errors are less than a factor of
two.
1Instead of the post-fit rms, the off-source rms was taken for the calculations in this thesis.
2For components with sizes smaller than the beam, the beam size is taken as d and for components with
sizes larger than the beam, the diameter of a circular approximation of the extent of the component is taken
as d.
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D Errors using a Monte Carlo
approach
Given a set of observables, O0, there is a set of n parameters denoted by a0 which mini-
mizes the χ2 of the observable data set. The observables cannot be measured with infinite
precision and have certain distribution associated with them. The confidence limits that
can be placed on the parameters are dependent on the uncertainties of the observables.
Thus, there are probabilities associated with the set of parameters inferred from the ob-
servables. Monte Carlo methods are used to assign confidence limits on the parameters.
Hypothetical datasets (O1,O2,O3, . . . ) can be generated by drawing out random num-
bers with a distribution associated with the observables. The procedure of fitting (e.g., a
χ2 minimization) can be repeated on the hypothetical datasets to obtain the respective set
of best-fit parameters a1, a2, a3, . . . The resulting sets of parameters (a) are distributed in
the n-dimensional parameter space. Projections of this distribution place confidence lim-
its in the parameter space of interest. For example, confidence limits can be determined
for a single parameter, error ellipses can be given for a set of two parameters and analogus
confidence regions in the higher dimensional parameter space of interest can be given.
Figure D.1: The mean value of the determinant of the relative magnification matrix is
0.27 with a 1σ value of ∼ 0.2.
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The aforementioned approach was used in this thesis to calculate the error on the
determinant of the relative magnification matrix, given the observable positions of the
images. Each image position was associated with an error which was assumed to be nor-
mally distributed in its position. Ten thousand hypothetical positions of each image were
drawn from a Gaussian distribution centred on the observed position and a width equal to
1 sigma error. The relative magnification matrix was calculated using each hypothetical
dataset. The distribution of the determinant of the relative magnification matrix inferred
from these datasets is shown in Fig. D.1. The mean and the width of this distribution was
reported as the mean and the error of the determinant of the relative magnification matrix.
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